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Abstract

We study the energy critical wave equation in 3 dimensions around a single soliton. We obtain
energy boundedness (modulo unstable modes) for the linearised problem. We use this to construct
scattering solutions in a neighbourhood of timelike infinity (i+), provided the data on null infinity
(Z) decay polynomially. Moreover, the solutions we construct are conormal on a blow-up of
Minkowski space. The methods of proof also extend to some energy supercritical modifications of
the equation.
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1 Introduction
It is well-known that the energy critical wave equation
O¢:= (=07 + A)p = —¢°, ¢:R*T' =R (1.1)
admits a stationary solution, called the ground state soliton
—1/2
W(x) = V3(1+3f) . (1.2)

This solution suffers from Derrick’s instability (see [Der64],[GSS87]), which in particular implies
the existence of an exponentially growing mode for the linearised system

(O+V)p=0, V:=5W4 (1.3)
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Nonetheless, global solutions that settle down to one or more solitons is one of the expectations from
the soliton resolution conjecture. In this work, we initiate the study of such global solutions following
the geometric framework as discussed in [Chr09; DHR13]. The main result of this paper is

Theorem 1.1. (Rough form of main theorem, see Theorem 1.2) Given scattering data F (u,w) (u € R,
w € S?) that fall off at a polynomial rate, there exists a solution ¢ to (1.1) in the region t —r > 1 with
the following properties: 1) ¢(t,z) — W (x) decays to 0 at a quantitative rate as t — oo 2) the radiation
field of ¢ is given by Y%, i.e. rop(u+r,r,w) — T (u,w).

We may phrase the theorem in a less geometric way as

Corollary 1.1. (See Corollary 1.1) There exists a large class of scattering data (uk,) € C> (of
arbitrary finite H* norm) for p € {0,1,2,3}, such that (1.1) admits a solution for t > T(u) scattering
to this data and a soliton, i.e.

10u(d = W) = wb |l 12 (f1=ep) = O as ¢ — oo. (1.4)

Overview of the introduction The structure of the rest of the introduction is as follows. In
Section 1.1, we give the main motivation, by outlining future research to study (1.1) and Theorem 1.1.
In Section 1.2, we present the geometric framework in which our construction works and give a more
precise form of the main theorem. In Section 1.3 we discuss the scope of the techniques developed in
the present paper and state an energy supercritical result to which our methods directly apply. Finally,
in Section 1.4 we present the main difficulties for proving Theorem 1.1 and the ideas how to resolve
them.

1.1 Review of previous works and motivation
1.1.1 General relativity

The result of the current paper is an initial attempt by the author to understand the problem of
incoming or outgoing localised objects from past or future timelike infinity (i+) in general relativity.
More precisely, let us note that the following problem is currently open:

Conjecture 1.1. There exists an asymptotically flat solution to the vacuum Einstein equations that
approzimates n outgoing black holes in a neighbourhood of i .

There are many difficulties one has to face while studying Conjecture 1.1. Let us discuss some of
these and why Theorem 1.1 is a good starting point in our opinion.

¢« Weak null singularities: One may hope to construct two-black hole solutions in the following
trivial way. Write gg = gguess = %(gl +g2), where g; represents boosted single-black hole metrics.
Of course g, is not going to solve the Einstein vacuum equations, but we may write the true
solution as g = g, + € where we expect € to decay as time goes to infinity. Trying to solve for e,
let’s say with trivial scattering data on the horizons (H;,HJ,Z), we find that there are source
terms from g, that merely decay polynomially. Combined with the blueshift mechanism around
the horizon of black holes, the expectation (see [DHR13]) is that generic polynomially decaying
data (or in this case sources) lead to a weak null singularity on the black hole event horizon(s).
Even though solutions with such singularities can be constructed, following the techniques from
[Luk18], they present additional difficulty in the problem. Furthermore, one would be more
interested in finding solutions that do not contain such artificial singularities. Instead, one may
try to prescribe data on future horizons, so as to prevent the formation of weak null singularities,
but this is open even for the single black hole scenario.

One possible way to circumvent the appearance of blueshift is to replace black holes in Conjec-
ture 1.1 with solitons that are formed by some matter coupled to the Einstein equations. The



existence of such solutions and their linear stability for Klein-Gordon coupling was considered
in [LP89]. However, the understanding of global properties of massive fields is far less advanced
(see recent progress [PSV23; Sus23]), so we choose to study a wave-like model instead. Moreover,
massless fields are also more closely related to the vacuum equations.

¢ Quasilinearity: The Einstein equations, under a suitable gauge choice, form a system of quasi-
linear wave equations. The analysis of such systems usually involves the construction of geometric
vector fields adapted to the geometry, notably in the original work on the stability of Minkowski
space [CK93]. Controlling the variation of these vector fields from the background significantly
complicates and lengthens the works on quasilinear equations. Even though to resolve Conjec-
ture 1.1, one needs to face these challenges, we think that given the past work on quasilinear
systems (see [Keil8] and references therein for a comprehensive guide), the main new ingredi-
ents to study this problem can be found in a semilinear analogue. Therefore, we will consider
a semilinear wave equation that still admits solitons. This is the energy critical wave equation
(1.1). For energy critical wave equation in certain dimensions these solutions were constructed
in [MM16; Yual9; Yua22].!

¢ Reduction to single soliton: As discussed above, creating multisoliton solutions may proceed
by supplying an approximate solution plus scattering data for the error term. To the author’s
knowledge, the geometric scattering? problem around i* has not been studied for the energy
critical wave equation, nor for any similar semilinear problems. The only nonlinear geometric
scattering theory construction around solitons that the author is aware of are [DHR13]. Both
of these work with exponentially decaying data, which is necessary to avoid blueshift instability,
but greatly simplifies the work in many other regards as well. It is unclear to the author whether
such exponentially decaying data results could be applied in multisoliton constructions, as the
interactions fall off polynomially.

1.1.2 Dispersive equations:

Another motivation to study Theorem 1.1 is to introduce the methods developed for the study of
the Einstein equations to hyperbolic dispersive problems. For similar, though much more developed,
transfer of ideas to compressible fluid equations see the recent review [Dis23]. Before we explain
further, let us briefly recall some works about (1.1) without intending to be comprehensive about this
vast research program.

A major objective in the study of nonlinear dispersive equations is the soliton resolution conjecture.
It predicts that any global solution with norm bounded in some function space decouples as a sum
of solitons, radiation and a term that vanishes in the energy space as time goes to infinity. This
definition is crucially tied to a ¢,z foliation of Rtl;”, indeed this conjecture can be formulated not
just for hyperbolic problems, but for many dispersive and dissipative equations as well. We refer to
[DKM+22] and references therein for more discussion and current progress on this topic.

There are two main approaches in the study of the soliton resolution conjecture. First, one can
use the control provided by the boundedness of some norm to classify all solutions within a function
space. This norm is usually given by the canonical energy, which sits at H' regularity. See [DKM13;
DKM23; DKM+22] and references therein for more details. To the author’s knowledge, this has been
only used for energy critical and subcritical problems.

A second approach, applied to energy supercritical problems as well, is to construct solutions of
special type and understand the behaviour in a neighbourhood of these so as to sample the moduli
space of solutions in small steps. One can study either global behaviour as in [KS07; DK13], or

INote, that coupling this to the Einstein equations yields a matter term that does not satisfy any of the usual energy
conditions.

2We use the term geometric to refer to data prescribed at Z instead in the Lax-Philips sense, where one takes the
inverse evolution with respect to the linear operator on {t = const} slices. For more details on the relationship between
these two approaches, see [Fri80].



singularity formation as in [KSTO8]. In this case, one regularly works in much stronger topology than
H.

Regarding (1.1) around a single soliton, the above-discussed two approaches can be seen precisely.
Perturbation around a single soliton and proof of asymptotic stability with all the dynamics traced
via a bootstrap type argument is done in [KS07; Becl4], however, both of these works restrict to
a symmetry class such that the soliton is not allowed to move its position. On the other hand, we
have the resolution of the forward problem in [KNS15], where the authors prove codimension 1 orbital
stability of the soliton without any symmetry assumptions. In this work, codimension one stability is
a corollary of a more general classification result.

The main reason to depart from the standard methods deployed for the study of (1.1) is to get
a more precise description of the solutions. For the current work, this is the conormal structure, i.e.
commutation with weighted vectorfields.

1.2 Main theorem

In this section, we will give a a precise version of the theorem, a discussion on the main difficulties and
their relation to other works in the literature that this paper builds upon.

Theorem 1.2. a) Let N > 6 be an integer and g > 5 a real number. Let T € C*®(ZI) for T = R, x 5?3
be a smooth function that satisfies the following bounds

Z /Idwd—“((mqrwff <1, T e{0,,(u)d,}. (1.5)

jal<N ()

Then, there exists 71 sufficiently large such that (1.1) admits a solution Gb=WaH+opint—r>m>1
such that .
TllIglo’ T0ud = Oyt (U, w),
t—r':2u* . (16)
u}lgloo rl_l}rélq Uy, w) = 0.
t—r=2u,

Moreover, ¢ is conormal, i.e. the following estimate holds for |a| < N — 3
Licio(T%0), Lnyya(T0) S (r) 72t —1)79, T € {rd,, t9,,Q},T € {udu,v0,, 9} (1.7)
b) Assume that T € C>(ZI) has the following expansion
'(/Jg,M = lﬁI - Z u™ logj ung(w), ¢%j € CDO(SQ)

(i,5)€€,i<M

3 /Idw@(@Wrng)Q <1, Te{d, (wd.},

Jal<N {u)

for some index set £ C R>3 xN. Then, ¢ has a polyhomogeneous expansion on an appropriate blow-up,
e.g. there exists ¢ ; € C*({|z| < R}) for arbitrary R such that

(i,§)€ETF i<M

(1.8)

A couple of remarks are in order.

Remark 1.1 (Decay rates). The assumed decay rate (¢) is far from optimal, even with the method of
the current paper. An important missing ingredient to lower the minimum value of ¢ more is integrated
local energy decay (i.e. Morawetz estimate), see Section 1.3.2 for more details. Furthermore, let us
remark, that the (r)~'/2 decay can easily be improved to (r)~! using the r? method (see [Sch13;
Mos16]), but as this is not required for nonlinear application, we do not prove it in a).

3this is a portion of infinity defined by the endpoint of the curves t — r = u, t — oo, see (2.8)



Remark 1.2 (Conormal structure). Following the work of [DHR+22], we believe that the conormal
condition, that is regularity with respect to (u)d, can be relaxed to 9, derivatives to obtain a scattering
solution. However, following recent progress on the late time behaviour of waves on asymptotically flat
spacetimes (see [Sch13; Mos16; Hin23c]), we know that such a conormal assumption is well justified.

Remark 1.3 (Codimension). The unstable mode present for the linearised problem around the soliton
means that a forward stability can be at most of finite codimension. However Theorem 1.2 contains an
open neighbourhood of scattering data within a certain decay class. We interpret this as follows. The
restriction that we are looking for a global solution prohibits any nontrivial dynamics in the unstable
mode, because otherwise we would drift away from the soliton too widely.

Remark 1.4 (Uniqueness). The theorem above does not yield uniqueness of the solution constructed.
Indeed, we do not expect uniqueness in general, as already for the trivial data 97 = 0 we have solutions
other than ¢ = 0, see [DMO08] Theorem 1. These are to first order given by the unstable mode e~ **Y ().

For better comparison with scattering results appearing in the literature concerning dispersive
equations, we extend the solution from a neighbourhood of i+ to ig

Theorem 1.3. (see Section 8 for precise statement) Given scattering data v* € C*°(IN{u € (u1,u2)}),
there exists d sufficiently large such that (1.1) admits a solution ¢ = W + ¢ in {v > d,u < ug + 1}
such that .

A ré =y (v, w). (1.10)

t—r=2u,

Remark 1.5. There is no restriction on the size of any norm of ¥Z. This is a simple consequence of
working in the far exterior region and shows that constructing solutions around % is much simpler in
a certain sense.

In particular, we may combine Theorems 1.2 and 1.3 to get

Corollary 1.1. There exists scattering data (uk,) € C* (of arbitrary finite H' norm) for p €
{0,1,2,3}, such that (1.1) admits a solution (¢) for t > T(ut) scattering to this data and a soli-
ton, i.e.

||8M(g5—W)—ug‘oHL2({t:C}) — 0, as ¢ — oo. (1.11)

1.2.1 Backwards problem

The setup and the question posed in Theorem 1.1 are those appearing in [DHR13]. As highlighted in
that work, the scattering (i.e. backward) construction is detached from many of the difficulties present
in the stability (i.e. forward) problem. In particular, one does not need to capture the (retarded)
time decay of waves, a necessary ingredient in stability problems. However, the exponentially decaying
scattering data posed in [DHR13] also allows one to get away without proving energy boundedness for
the linearised operator. This is of crucial importance, as the presence of an ergo region intertwines
boundedness and decay statement (see [DRS16]). For polynomially decaying data, energy boundedness
appears crucial. Let us now present the set up of [DHR13], which we will follow closely.

In [DHR13], the authors solve finite scattering problem in the region R shown in Fig. 1. They
prescribe data on ¥5,C, ,H,, -, and construct the solution by a bootstrap argument.

Then, they take the limit vo, — 0o thereby getting a scattering solution in bounded retarded time
regions. Afterwards, they take u,, — 0o and obtain uniform in u., estimates on the solution in R.
Existence of a scattering solutions follows by compactness argument.

Let us briefly comment on this strategy. For equations that have quadratic nonlinearities the first
step is highly non-trivial. Indeed, the famous example of Fritz John (¢ = (9;¢)? illustrates that this
step might break down *. However, under very mild conditions ~known as weak null structure— this
step should pose no difficulties if one uses the r? method of Dafermos—Rodnianski [DR10], see [Keil8].

4though note that one may pose special, non generic, modified data on Z such that a scattering solution may exist
[Yu21; Yu22]
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Figure 1: Penrose diagram of the region where the solution is constructed in [DHR13] (a) with a limit taken
as T2 — 0o. Scattering constructions in Theorem 1.2 (I), Theorem 1.8 (I1) (b), ¥ denotes constant t hyper-
surfaces.

Indeed in [DHR13], the authors introduce a structure, called p—indices to capture the behaviour of
different parts of the system under study towards Z. In our case, the quintic nonlinearities make this
step trivial.

To proceed with the second limit, one uses energy estimates of the form

ElP)- + / Bulk term S &[], + &z, (1.12)
R

T,Too

where E[¢]; is some L? based coercive norm of ¢ on X, and £z, __ is a similar quantity on Z. In fact,
it is sufficient to have such an estimate for the linearised problem. In most cases of interest, we have

/R Bulk term < / E[d)-. (1.13)

1,72 (71,72)

Putting together these two estimates, and using the Gronwall inequality yields global control on £[¢],,
provided that £z decays exponentially and £[¢],,, = 0. A similar issue also arises for (1.1). Even
though there is no blueshift or ergo region present, the linearised problem does not admit a coercive
energy because of a bad signed potential. It seems to be necessary to have energy boundedness for the
linear problem to obtain global energy bounds for polynomial data on Z.

Too

1.2.2 Obstructions to boundedness: unstable and zero modes

To understand the obstructions to boundedness, observe that the tangential part of the 9; energy norm
on X, = {t = a} slices

&y o= [ 1vor ~ve? (114)

of (1.3) is not coercive. Indeed, we know (see [DMO0S]) that there is a unique eigenvalue 5 > 0 and
corresponding eigenfunction Y € H' such that (A + V)Y = 52Y, moreover Y € C>,|Y| < e~°". This
yields solutions Yy = eiStY, called unstable modes, to (1.3) with 5% H[Yi] < 0. To overcome this,
one may try to capture the content of Y, present in a solution of (1.3)a7¢> by introducing

02 (s) = /E Y<atis>¢%asaf<s> — 503 (s) (1.15)



Indeed, controlling Sg and the assumption a3(s) = 0 implies that ||¢||;: > 0. For nonlinear

applications, it is helpfﬁl if one is allowed to localise a3® and introduce a cutoff function in its definition
as done in [LOS22].

However, non-negativity is not sufficient for nonlinear applications and it is immediate that all
the symmetries of (1.1) introduce zero mode solutions to (1.3). Indeed, note that (O + V)Yker = 0
for all Yk ¢ Z = {0;W,t0;W,AW,tAW}. A crucial point is that Z contains all the obstruction
for coercivity. In the terminology of Duyckaerts-Kenig-Merle [DKM16], we require that W is non-
degenerate, i.e. ker(A +5W*%) = Z.

One could attempt to project these modes similar to the unstable ones, but due to the slow decay
of AW, the corresponding quantity would not be well defined for H' functions. If one localises via
a cutoff function, that would introduce bad weights that cannot be controlled in a similar fashion as
done in [LOS22]. In this paper, we instead capture the content of the zero modes (i.e. kernel elements)
globally, similar to [Joh19; DHR19]. The exact procedure of this is the main content of the present
work and it is included in Section 5.

Continuous vs discrete modulation The presence of the kernel elements for the linearised oper-
ator is very well understood in many different settings and the treatment of these is usually referred
to as modulation theory, see e.g. [KS07; LOS22]. In this paper, we do this modulation in a discrete
manner. We control such modulation parameters by applying appropriate projection operators to the
solution of the linearised equation. In the scattering problem, we do not need to renormalise our solu-
tion, because we know that all of these parameters will converge to 0. For the stability problem, the
soliton might obtain some momentum and change in its scaling parameter compared to the perturbed
one. To keep the solution perturbative, one needs to renormalise the soliton at timescales when the
linear behaviour is modified by the nonlinear dynamics. In the backward direction, we can set the
decay of the data on Z, so as to avoid this step.

1.2.3 Unstable mode and codimension

Let us discuss the data posed on ¥, . Because of the unstable modes Y_, it is easy to see that
given generic scattering data and (r¢)|s, = 0 the solution may grow exponentially in retarded time
(Too — t), even though the data on Z is only polynomial. However, by a topological argument, we
can select a, € R depending on the scattering data, such that ¢|s,_ = a,_Y_ yields a polynomially
growing solution in the backward direction. In fact, a,,, — 0 as 7o, — oo with a rate prescribed by
the decay of 7.

1.2.4 Dyadic iteration

Finally, let us mention the structure of norms used in the construction of the scattering solution. We
follow [DHR+22], and first consider the problem in bounded retarded time regions. We prove an
existence result and control of energy type quantities that holds on a timescale that grows inverse
polynomially with the size of the initial data. Then, we iterate this construction on dyadic slabs to
get a global result.

Even though the current problem is simple enough to not to use the dyadic technique, we hope to
make further progress on the program outlined in Section 1.1.1 in future works, where we believe that
the dyadic approach has a more significant role.

1.3 Remarks on related problems
1.3.1 Supercritical problem

As remarked in Section 1.1, we develop methods that are applicable for supercritical equations as well.
However, the detailed study of the soliton and its spectral properties are a necessary requirement for



our methods to work. Consider the problem

Tl u:RP>R

u>0, ux)=u(z]), ul)=0@r"1) asr—oo, q€Nsy

—Au=u
(1.16)

Then, we have

Theorem 1.4 ([KMP+92; LR20]). (1.16) admits a unique radially symmetric positive solution, W,
and we have that the linearised operator Ly, = —(A + 7VV¢§i — qufl) satisfies

ker(Lw,) = {OWg}. (1.17)

Furthermore, we have

Lemma 1.1. a) The solution W, is conormal, i.e. (r0,)"W, = O(r=') for all n.
b) Let Ly, be as above, then dim{Y € H' : 35 > 0,Ly,Y = -5V} < cc.

Proof. a) This follows from the theory of regular singular points for ODEs.
b) This is a simple consequence of the compact embedding H' — L?(R?, (r)~*dx), similar to the
discussion after Claim 3.5 in [DKM16). O

As these are all the properties that the we use in the proof of Theorem 1.2 applies mutatis mutandis
to show that

Theorem 1.5. Given scattering data ¥F as in Theorem 1.2, there exist a scattering solution ¢ = We+¢
in a neighbourhood of iy for

O¢ = —¢" + ¢ (1.18)
such that ¢ satisfies (1.6) and (1.7).

1.3.2 Forward problem and assumed decay rates

A closely related problem to Theorem 1.2 is the following

Theorem 1.6 (orbital stability, [KNS15]). There exists a smooth codimension one manifold of initial
data for
06 = ~4°
Bli=0 = o, Ordli=0 = ¢1
in a neighbourhood of (¢o, p1) = (W,0) with respect to the energy topology that leads to a future global
solution that stays close to the family of boosted and scaled solitons.

(1.19)

Note, that this result is a consequence of a classification and is not an asymptotic stability result
like [KSO7]. In particular, the authors do not track the modulation parameters of the soliton or the
energy and size of the error term. Indeed, it was shown by [DK13] that asymptotic stability cannot
hold in the energy topology, for further details see Section 1.3.3. To the best knowledge of the author,
there is no asymptotic stability result for a single soliton for (1.1) outside symmetry classes, and no
result concerning the dichotomy of asymptotic and orbital stability. We pursue this problem in future
work. Let us comment on the necessary ingredients required for such stability problems.

Following the general strategy outlined in [DHR4-22], one needs to acomplish the following steps

1. Prove energy boundedness for the linear problem.

2. Prove integrated local energy decay (Morawetz estimate) for the linear problem.
3. Obtain decay via rP estimate for the linear problem.

4. Close error terms.



In this paper, we achieve 1. As the rP estimate is an exterior estimate, it is extremely robust, the
missing ingredients are 2 and 4.

Remark 1.6. Note, that 1 was already proved in [KS07] in the radial case. Their method relies on
finding an explicit form of the resolvent, which involves a similar projection for the scaling content of
the solution that we find in (5.36).

We comment on, whether given 2 one could achieve stability. To obtain control for £, the decay of
modulation parameters has to be at least as fast as €. The respective error for these quantities in a
dyadic slab are ,

Eree ~/ OrpF,  Errpoq ~ (/ (T2 — T)F) . (1.20)
7?’7'1 1 T2 7€7'1 2 T2
The first one can be bounded by bulk integrals, so no retarded time decay is necessary. For the second,
we can still use bulk integrals to control Ettyeq ~ £2712. We can check that Ertyoq < & whenever
E ~ 1P for p > 2. Note, that the original r? method would only work for p < 2, but by the
improvements in [Sch13; Mos16], we except the p > 2 regime to be achievable °. In the present paper,
we use a much stronger decay, because we do not prove 2.

1.3.3 Blow up at infinity

In [DK13] Donninger-Krieger showed that there exist global in time solutions to (1.1) that approach
a soliton W with a scale parameter A\(¢) that converges to 0 or blows up as ¢ — co. The method of
proof is somewhat reminiscent to the construction that we perform in the polyhomogeneous part of
the paper in the following sense. The authors first solve an elliptic problem to get an improved ansatz
and then solve away the error. The first step is only performed once and so the ansatz still has an
error term with relatively slow (¢t~*) decay rate, but it is sufficient to close the estimates. Regarding
the nonlinear part, Donninger-Krieger utilise Fourier transform in spatial variables with respect to the
operator A+ V', called distorted Fourier transform, to prove decay estimates for the linearised problem
reminiscent to [KS07]. They emphasise that the feasibility of this approach relies on the spherically
symmetric nature of the problem.

Even though the solutions constructed in [DK13] are not expected to be unique, just as for the
solutions of Theorem 1.2, the following is a natural conjecture regarding their behaviour

Conjecture 1.2. For |a| sufficiently small the following holds. There exists a blow-up of the com-
pactification of Minkowski space (M), such that (1.1) admits solution ¢ that is conormal on M, and
satisfies

H¢(t, ) - ta/QW(t“-)HL& =0 ast—00,  Oyu(re)z =0. (1.21)

One could similarly investigate the global regularity of solutions constructed in [Yua22], or excited
analogue of [JM20] in 4 dimensions.

1.4 Idea of the proof and outline

In this subsection, we only discuss the linear problem (1.3). The reason for this is the recent devel-
opment of techniques by Dafermos-Holzegel-Rodnianski-Taylor in [DHR422]. The authors develop
a robust framework to study stability problems around localised perturbations of asymptotically flat
spacetimes by proving estimates in dyadic hyperboloidal regions. Global existence is in turn a conse-
quence of dyadic iteration. More importantly, the stability in such dyadic regions is a direct conse-
quence of robust linear estimates® plus some soft structural conditions on the nonlinear terms. Their
approach is a guiding principle of our work. Let us turn to the linear problem.

5see [LOS22] 1.8 for further discussion on decay when there are 0 modes present
Sone actually needs to study the inhomogeneous problem, i.e. replacing 0 with some forcing F' in (1.3)



1.4.1 Energy estimates

As mentioned previously we believe that energy boundedness is crucial to prove Theorem 1.2, but the
lack of coercivity in £V renders a 0, energy estimate useless on its own. The obstruction from unstable
modes will be treated, as explained in Section 1.2.2, by a localised projection of the form

oy = /XRY(at +5)¢ (1.22)

for a cutoff function, x g, localising to {|z| < R}. These will not be conserved in evolution. However,
a decays exponentially in the backward direction, up to corrections by e~#¢ terms. In turn it is easy
to see that a4 will stay about the same order as ¢. The unstable mode a_ will grow exponentially
provided nonzero initial condition, plus correction of the form e ¢. Therefore, we must finely tune its
initial value via a topological argument to get bounded solutions. This step is detailed in Section 6.2.
Let us turn to the elements in {Y*'} = ker(A + V). Note, that these are not only obstruction to
decay of the solution (e.g. 9;W), but also to boundedness (e.g. t9;W). We intend to find projection
operators ©° for e € {mom, com, A} —i.e. functionals from scattering solutions to R— such that for

¢ — Gcom}/clz% N @momyylfleol;n _ @Ay}fer (1.23)

the energy functional £ becomes coercive. We immediately note, that we do not need to project tAW
out. This is treated by insisting that ¢ decays toward Z.

The momentum (t9; W) and center of mass (0;W) are projected similarly. Since (1.1) is Poincaré
invariant, it enjoys nonlinearly conserved quantities associated to translations (generated by 0;) and
Lorentz boost (generated by t0; + x;0;) called momentum and center of mas respectively. Linearising
these quantities around the soliton W yield functionals that are conserved for (1.3). Moreover we can
evaluate ©™°™ O™ on td; W, 0;W and find that they yield non-vanishing terms.

In order to project out the scaling mode, AW, we make the observation that tAW ~ 1 near null
infinity. This in turn yields that r0,tAW decays much faster than tAW and we can plug it in the
linearised bilinear energy momentum tensor. Since (0 4+ V)tAW = 0 the associated T energy current
will be conserved. We simply set ©*[¢](7) to be the value of this current through a hyperboloid X, .
We compute that ©*[AW] # 0. This concludes energy boundedness. The precise definition and the
properties of ©° are described in Section 5.1.

1.4.2 Polyhomogeneity

To prove polyhomogeneity, we follow the general strategy employed by Hintz in [Hin23a] for gluing
constructions in general relativity. For a comprehensive guide to this approach, see [Hin23b].

Let’s assume that the non-linear solution ¢ to (1.1) is polyhomogeneous on the compactification
drawn in Fig. 2. Here, F = {|z| < co,t = oo}, I" = {|z| /t € (0,1),t = co}. In particular, we can
write _ ‘

d): Ztillogj t¢j:](I/t)+O(t7N), (I,t) €N+. (124)
i,

For the sake of discussion let us focus on the terms with 7 = 0. In the linearised operator J+ V we
have, [J, V' with scaling dimensions —2 and —4 respectively. Therefore, in this region V is going to be a
perturbation. We compute 0t ~*¢] = t==2(N;¢;)(z/t) for some elliptic operator N;”. In order to find
Z‘-", we simply need to invert this elliptic operator, N;, with boundary conditions and inhomogeneities
coming from the radiation prescribed at Z and ¢° respectively. The gb;r found produces an error term

t~i¢; (0)V(z). In particular, solving for an error t==2 at It we get and error t~* at F.

Similarly, we can write

¢=> t'log t¢7;(x) + O(t™N),  (x,t) € NF (1.25)

(2]

7Nj; is just the Laplace-Beltrami operator of hyperbolic space in appropriate coordinates, see [BVW15]
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We compute the action of the linear operator (O + V)t~i¢p7 =t~{(A+ V)e7 + Ot~ ). Let’s focus
on the [ = 0 spherical harmonic part of the problem, for simplicity. Proceeding as before, we attempt
to solve

(A+V)e] = fi (1.26)

for some error term f{ coming from previous parts of the iteration. Since (A + V) is not invertible,
this is not possible, unless (f£', AW)2 = 0. We may attempt to enforce this orthogonality by adding
ct~"F2AW to the solution, so that we get an extra ct ‘AW in the error term. However, note that
AW ¢ L?, and even worse, the error produced at It is with decay t=*~! at I*, creating even worse
error on F when solved away.

We instead correct our solution with ct~**'AW. Next, we solve away the error on I*. The error
thus produced on F is simply ct~*V(x). We can use this to correct f; to ensure orthogonality, and
solve (1.26). The error produced on I decays as t~*=3. Iteratively solving away the above two errors
yields the polyhomogeneous error. The detailed construction is in Section 7.

IO

Figure 2: A compactification of Minkowski space on which scattering solution ¢ is conormal

Overview The rest of the paper is divided into 3 parts. Until Section 6, we are concerned with
the proof of a) of Theorem 1.2. Sections 7 and 8 give a proof of b) of Theorem 1.2 and Theorem 1.3
respectively, and are mostly unrelated to the rest of the paper. Let us give more detail on the first part.
In Section 2, we give the definition of all geometric quantities used throughout the paper. Then, in
Section 3, we quote the necessary spectral information on the linearised operator. We also prove some
weighted Sobolev embeddings for nonlinear applications. The next part, Section 5 is the main novelty
of the current work. We introduce projection operators and prove a conditional energy boundedness
for the linearised operator. We use this in Section 6 to construct the solution

2 (Geometric set up and notation

In this section we are going to introduce the notation used in the introduction and the rest of the
paper as well. Furthermore, we will introduce the necessary geometric framework.

We will use the notation A <gp.c... B to say that there exists a constant C' depending on a, b, c...
such that A < CB. We will abbreviate df - dg = n**0,,f0,g where n is the Minkowski metric.

We start with introducing geometric qunatities related to solutions of the linearised equation (1.3).
We define the energy momentum tensor

Ty (8] = 0,00,6 — 2406 - 0p —we?),  99- 06 = 0,076 (2.1)

Note that for ¢ a solution of (1.3), div(T"[¢]) = grad(V)(¢)2. We also introduce the bilinear energy
momentum tensor

11



T:fv[fv g] = 8(ufau)g - 77/2Ll/ (af : ag - wfg) (22)

Following [HW14] and [DHR+22] we introduce the twisted energy momentum tensor

,Tr;ut)u[@b] = 51/(;35# — %(éqﬁ . é¢ _ w¢2 + w/¢2)
) 0B (2.3)
0()=po(5"), w'=—=

Although T is not divergence free, we have the following result from [HW14] Proposition 3

OM(XVTY,[6]) = XSy [¢] + ¢ XV Ow

7181, / flay 2
sl = -5 Qﬁwm B%ﬂ

where X is a Killing vector field. When using T, we will take X =T, 8 = {(r)~! which yields X*S, =0
and w’ = 3(r)~%.

As we are looking for a solution perturbatively around W, we will write W + ¢ for a solution to
(1.1) and think of the nonlinear in ¢ terms as error and write

(2.4)

¢* + Doy~ 0%

No] = (W +¢)° = W5 —5Wip — (O+V)p = N|g)]. (2.5)

2.1 Foliation

Our foliations are going to be composed of a flat and a null piece following the framework of [DHR+22].
Furthermore, we will have 2 radii Ry < Rs labeling different regions of the flat part. R; will denote
the region where we detect unstable modes and where the potential coming from the soliton destroys
coercivity, while R is the transition region to the null part.

We use the usual null coordinates

_t+r

t—r
v = _

u = .

2 2

Let X be a cutoff function such that X|(z<1} = 1, X{z>31 = 0, X’ € (1,3),X'[(1,3) # 0. Set xr = X(5)
and x% = 1 — xg. The function h(z) = [*_ dyx°(y) satisfies: h|,<i =0, hly>3 = h(3) +y, ' €[0,1].
Define new time coordinate t, =t — h(r — Ry). We fix the vector fields

T:8t|r:8t*|r, Qij :xiﬁjijai S:t8t|r+ré9r|t, X:8T|t*, X° :8T|t. (26)

We will also use A = % + S, but only as it acts on W. In (¢, ) coordinates the wave operator and
partial derivatives take the form

2 A
- (1 — 12\r2 _ ! " “ N
O=—(1=h)T?+ (X = 2W'T)X + h'T + ~(X = W'T) + =5, 2.7)

X°=X-WT, Ouo=T—-X°=0+~")T-X, 0Oplu=T+X°=1-1)T+X.
We fix a foliation and hypersurfaces

Sl = {t, =7} N{t+7 <ve}, T, =3

T

I

Voo

I, = {(t+7) = voo, s € [11,T2]}, Inm =100

RE)‘::JQ) = U Zf’ioc’ R("’l,ﬁ) = R(()Sl,rz)a 71 < T2 (28)
TE[T1,72]

C,={v=uxa}, Qz =C,N{r>Re}NRs rp-

12



Note, that Z,, ,, >~ [11, 2] x 52 is not part of the spacetime, though it is a useful idealised boundary. For
an alternative approach to Z, see Section 7.1.2. Here, C contains 71, 72 implicitly and these boundaries
will refer to the current region under discussion and should be clear from context, when not, we will
write C;1'"? = Qw . Also, note that for most of the paper 7, ~ 7o, but this will be stated clearly in
all appearances. Similarly, 71 > Rs everywhere outside Section 8. For a hypersurface 3 and a current
(1-form) J, let’s denote

S[J] :/EJ~n (2.9)

the flux of the current through X. A quick calculation (see A.2) yields that

1

2
evlol = sl = [ (a-mnmer v oo+ 0L ug)

In the integral above, the measure is simply the one from the isomorphism between ¥, and R? given
by (t,z) — x. We will use this convention for hypersurface integrals for the rest of the paper. Note,
that €[] is not coercive, so we cannot use it to control the solution. Indeed, the main part of this
work is concerned with obtaining estimates on £ := £ in terms of £Y. Let us also introduce the norm
Jullx, = [Ju(l = h*)!/2|| , for u € C**(R?) corresponding to the T'¢ content of £[g].

We are going to control the solution in energy spaces, and we introduce the following norm

Xlgl=sup =S (T (T[¢] + T[] + sup —C(r, 10y ol (T°[6] + TOg])]. (2.11)

TE(T1,T2) z>Ry

The reason to introduce the second term is because &; only controls tangential derivatives on the null
part. We also introduce commuted analogue with J[¢]| = =T - (T + T)

Xlgl:= Y sup TSI+ sup C_ [P

k

e 212
+ S;JE Ciray 2T JI¢ll, T e{T,Q;,S}
x 1

2.2 Symbols and extra notation

To keep the paper accessible and easily readable to a wider audience, we do no introduce too much extra

notation to prove the existence part of Theorem 1.2. For the polyhomogeneity part, we will employ

a significant amount of notation to keep the paper of reasonable length. These will be introduced

exclusively in Section 7, sparing the reader from unnecessary complexity for the rest of the paper.
For convenience of the reader, we collect all the symbols used in the paper below

e X, h cutoff functions

e u,v,t, coordinates on spacetime

o W soliton at a particular scale, V' potential created by soliton

o T¥ energy momentum tensor with potential w, T = T°.

e T,Q, S, A vector fields;

e ,,C,Z,, -, hypersurfaces, B, := {x € R3 : |z| < r} is the open ball of radius r

o X, EY X are energy quantities

« 5 eigenvalue of the linearised problem with Y as eigenfunction

e J,J,T will be placeholders for currents and vector fields and will be defined locally within parts
of the paper, such as a subsection, and reused with new definition at later point

. PZS2 is the projection operator acting on L? functions projecting onto the {—th spherical harmonic

Let us note, that we are always going to suppress the dependence on Ry, Ry in the notation <, whenever
the estimate holds uniformly for Ry, Ry — oc.

13



3 Energy estimates and spectral properties of W

In this section, we will recall some of the known result on how to deal with the non-coercivity of £V,
and prove some basic inclusions of the space X into weighted spaces.

3.1 Symmetries

Let’s introduce the space of obstruction to decay for the linearised equation coming from the symmetries
of (1.1)

1
Z = span{O;W, g W + - YW, —22;W + |z|* ;W — 22 - VW} (3.1)

corresponding to translational, scaling and special conformal symmetries of the equation. As W is
invariant under Kelvin transform, the special conformal symmetries coincide with translations, in
particular, we have

Z = span{0;W, AW}, (3.2)

where we used A =1/2+ S.

3.2 Coercivity

In this section, we summarise some of the spectral results discussed in [DMOS].
We want to find suitable energy boundedness statements for the linearised operator

O+V=-0}+A+5W*=-07 + H. (3.3)

Boundedness is not imminent because of positive eigenvalues of H, E = {f € C*®*(R*)|Hf = Af, A > 0},
and kernel elements, ker H = {f € H' : Hf = 0}. Let us fix kernel elements V; € ker H such that
(V;, Vi) g = 0i; and span{V;} = ker H. These functions make the bilinear form (u,v) — (Hu,v)p2
non definite. Indeed, we have the following results from [DMO08] and [DKM16].

Lemma 3.1. a) Z =ker H , and E = span{Y} with Y € C* and |Y (r)| < exp(=5r) for 5 > 0 the
eigenvalue HY = %Y. ([DM08] section 5.5)
b) For E; € C§°(R*) with
(B, Vi) =6, (E,Y)=0 (3.4)

the following holds. There exists p > 0 depending on E; such that ([DKM16] Proposition 3.6)

(HD = p e = (S D+ (V). (35)

We will need to use a slight modification of the above lemma, since our projection operators to the
kernel elements are not compactly supported.

Uniform coercivity estimates In our proof, the foliation constructed in Section 2.1 depends on
R, and so will the projector that we use. We need to keep Ry of variable size, to close a topological
argument, see Section 6.2. Therefore, we need to keep track of the R, dependence of the constants
appearing in Lemma 3.2.

Lemma 3.2. Fiz notation as in Lemma 3.1. Given E; € (H')* with

(Ei, Vi) = 0ij, (E;,Y) =0, HE‘H(Hl)* < Ry (3.6)

and R sufficiently large, there exists p (independent of E; and R) such that the following inequality

holds
(S0 £2 + O xnlr). D) + (<HL ) = s+ 1/ (3.7)

%
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Proof. We will mimic the proof from [DKM16], with appropriate modifications.
Step 1: Let f satisfy }
(Ei, [Y=(f,Y)2=0 (3.8)

We claim that (—H f, f) > 0. Assuming the contrary, we can minimise the functional to get that there
exists f such that (3.8) holds and H f = c¢f for some ¢ > 0. Since Y is the unique eigenvector, this is
a contradiction.

Next, we claim that (—Hf, f) > p||f||z1- Assuming the contrary, and normalising a sequence f,
to have || f,|l;: = 1, we get a convergent subsequence f, — f € H' such that 1) ||f||;: = 1; 2) f
satisfies (3.8); and 3) (—H f, f) = 0. Using that f is orthogonal to all the kernel elements, we get a
contradiction.

Step 2: Next, for an arbitrary f, let us consider

F= =Y G~ B 1 (39

We can compute the inner product of f to be

2
(—Hf. f) = (—Hf7f)+‘72m- (3.10)

Using the previous step, we also have u ||f||H1 < (—Hf, f) Using the triangle inequality, we get

i 1L+ Y+ (B0 < 5 (CHED+ (V5 B 07). (31)

J

We can also control the zeroth order term via Hardy inequality.
Step 3: To see that a sufficiently large cutoff can be introduced, we use Hardy inequality to get

(YX&(R), /)22 < ce B2 fll

— (CHED 2 pl = 5 (S £+ (V1))

K2

> (= ™2 |5 = - (SUB 1)F + (Vxrlo). D).

7

3.3 Weighted Sobolev embedding

In this section we prove some embeddings that are useful for non-linear applications

Lemma 3.3. Let ¢ € C5°(Rr, r,) with X[¢] < 1 for k > 3. Then the following holds for T €
{t.T,9;;,S}

6] S (r)~/? (3.12a)
(T29)? (TT*¢)?
Z /R (r)?(ry — 7)3/2 * <r+72—7'>3/2) Sl (3.12b)

o <k ¥ Rerma

Proof. We first write

S=tT+7r0)y=t—rh)T+rX = (tx + h—rh)T +rX

15



where |h — rh/| < 1. Therefore, we get that
1
lo)+ e (7o) + 150 2 [ ((XrX0)? + 5 (FrXop).
S,
Similarly, we get higher order estimate

> rersm o)z [ ((Xx)ter +

n+m<k

S(VrX)ke)?).

r2

Combining with 2 commutator bounds, by standard weighted Sobolev estimates we get (3.12a).
Using that the twisted and untwisted current control undifferentiated quantities, we immedeatly

have
/ (o) _ |
v, (M7

-

which implies the first part of (3.12b). For the second part, we split T' = ﬁ(@un + X)), which implies
T¢)? 0u®)? + (X ¢)?
[ Oy N Y e
Ry mo (r+m —T1)3/ Ry mo (r+m—1)3/
For higher commutated quantities, we split the integration domain into R, -, N{r < 71}, R+ -, N{r >

71}. In the first, we use the control from

sup QT1+$[T2QOT : T[FQQS]]
T>T0/2

to bound the commuted quantity similar to the uncommuted. In the second domain, we split cases.
For |a|] = ap, we may use the control provided by /X to bound the integral similar to the uncommuted
case. When I'* contain a term that is not T, we snnply trade the r weight with 7 using that 7 2 r in
the domain of interest. Then, we use the control provided by &, term for the estimate. For 1nstance
when I'® = T"() we write

TTnQ 2 Tn+1 2
/ 7_2n ( ¢) 57 5 / 7_2n—|—2 ( ¢)3/2 < bup Tn+1£T [Tn—H(b].
Ry ,rgM{u>72} <’I“ + 72— T> Ry, M{u>72} <’I“ + 72— T>

O

Lemma 3.4. Let ¢ be a smooth function in R, r, for 71 ~ 12 with X[¢] <1 for k > 6. Then we have
the following bulk estimates

[t eeato) £ (- m)*, (3.132)
R

la|<k—17 Rrim

L T —11)3/2, (e —m1) 1 \B/2
/ No < Sz -m) / Nl9] (r)2 S —m)7” (3.13b)

71 T2 7'1 T2

as well as boundary term estimates

Z/ It TN (9] y% 1 (3.14a)

I<k—1

JRGCNO (3.14D)
|a|<k—1
3 / ITINg)| e x5k, S 1 (3.14c)
1<k
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Proof. We start with (3.13a) and use Cauchy-Schwartz with Lemma 3.3

Js

Consider each term in N[¢] separately. Let o = 3 + v with |3]| > k/2, |y|] < k/2. The quadratic term
is bounded by

eeareengh < ([ TP e nprweaa)?)

- 1,72 172

/ 7200 (r 47 — )3 2((r) TP PI )
R

T1,7T2

< 2-6/_ _ _\3/2 o \3/2. 270 (T 42 280 (TP¢)?
S osup (M TN =) (r T — 1) (T 9) T 5 373
Roryirs Ry org (r)*(r — 1)
St —m)?
While the quintic is
/ 720 (r 47— )2l ")
7?'7—117'2
(M)

< sup (r)*(r — 7'1>3/2<7“ +7— 7'1>3/2 T200(T7 ¢)8 / 72Po
Rry . ma ‘/_M N R

I

S{r—m)?

The intermediate terms are treated similarly. Putting the estimates together yields the first inequality.
The proof for the rest of the bulk terms proceeds similarly with Cauchy-Schwartz inequality and
Lemma 3.3.

For the boundary terms, we again will only prove the first inequality, the other follows similarly.
Using the pointwise estimate from (3.3) and undifferentiated term control we get for all I < k — 1

/ET |§;l TZNMS;/E, It (T7¢) <L<Z(/ w)1/251

l

4 Scattering solutions

In this section, we set up the framework in which we are going to work and recall some standard
existence results. For this section, there are some factors of /2 and similar weights appearing in L?
norms. This is a consequence of the relation between L? and Lg spaces, where the latter is more closely
related to L™ estimates, see Section 7.

Definition 4.1. a) Fiz N > 0,¢ > 0 and g € R",d € [-1/2,1/2). We say that ¢7 € C°(R3),0 <k <
N +1 and ¢, € C®(R} x S?) are scattering data for (1.1) respectively for (5.1) in R, -, if it holds
that

> Aoyt

la|<N+1

> el X[ ren o]

k+|o| <N+1 k4ol +i<N+1
i#£0

< €, I'e auvgz
L2(7) € {u it

L2(x)
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Furthermore, we require the constraints

2 2
(L= h2)gy = (" —2h'X — Th)aé%_l (X7 X+ % + V) +TF?F 2<k<N+1

(4.2a)

are satisfied. Here F = N[¢] = (W + ¢)° — W5 — 5W¢ and T7¢ = ¢; for (1.1). We abbreviate
¢ = (¢3, (r¢)T) and call the sum of the above two norms Hé”;{d .- Furthermore, for (5.1) F is part

of the scattering data and we require

S [#Emetre X

la|+i <N

Ie{Q.t,T
L2(Rry ) <6 € } (4.3)

We say that the scattering data has order N, decay q and size €.
b) We say that ¢ € C'(R, 7,) is a scattering solution associated to the scattering data ¢ (and F)
if ¢ solves (1.1) (or (5.1)) and

lim ré(r,7,w) = z/JI(T, w), in L?
T—>00 . . (44)
¢‘Zn = ¢07 8t¢|2,1 = ¢1

Remark 4.1. In the above definition, ¢ represents the k-th time derivative of the spacetime function
¢ that we construct. We prescribe these higher derivatives because otherwise we would face loss of
regularity when trying to recover them from transport equations along null surfaces. This can be seen
from (4.2) where on the null part, we get a transport equation for ¢;_; in terms of second derivatives
of ¢i. Let us also note that for a scattering solution ¢ € C*(R+, +,), T $|s, give valid scattering data
for any 7 € (11, 72).

Remark 4.2. Note, that at Z there are no constraint equations.
The following is a standard local scattering result

Lemma 4.1. a) (Linear) Given scattering data ¢, F' for (5.1), there exists a unique scattering solution
¢ such that for all 71 < 1o the following holds

S ] S e x| < Te o)
jal<N Frvma) i (Rrim2)
i£0
(4.5)

furthermore

|05T (ro) |z = lim ||05T(re)|z < oo, |a|]<N,ke{0,1}

1,72 HLQ(ITI,TQ) : oy oo T1,72 | L2(Cy)

[0-T*((r) X) (ré)|c, —0, o] <NAi#0

(4.6)

L2(Zry,7p)

b) (Non-linear) Given scattering data ¢ for (1.1) with reqularity N > 6, and 2 — 71 > 0 sufficiently
small, there exists unique scattering solution such that (4.5) and (4.6) hold.

Remark 4.3 (r? estimates). The extended control over 7 Xr¢ is a standard form of an 7 estimate, see
Theorem 7.2. The maximum value of d < 1/2 can be increased to dp,q, = 3 after commuting with
r29,, see [AAG18b]. The value of dy,q4, follows from the following simple computation. Given that
d > 0, we know that ¢ admits a radiation field, so A'[¢] ~ (r)~®. Furthermore, to leading order close to
T we have 9,0, (r¢) = r¢°. Therefore, if 79, (r¢) ~ O(r~?), than this property is conserved. Indeed,
there is a conservation law —with associated quantity called Newman-Penrose charge— at Z whenever
the data is such that it can be peeled. For further information and the use of these quantities we refer
to [AAG18a; GK22].
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5 Linear theory
In this section, we study the behaviour of solutions to

(O+5WHe = F, F.¢: Rz, m) = R

5.1
(49)lze., ) = 6% Ols., = b0, Odlgy = . (5.1)

We introduce projection operators to the unstable mode associated to (5.1)
ax0l(r) = [ xmY(0£ 50, (.2

-

and write ax = a4 [¢](7) whenever ¢, 7 are clear from context. For ¢ a solution of (5.1), we have
Oraq = j:Bai + Crry

5.3
ertiz/ { = (YAxm +Y" Xk, )6~ x&, YF}. >3
5,
The main result of the current section is the boundedness for the linear problem as captured by the
existence of a master current in Proposition 5.1.

5.1 Zero modes

In this section we introduce a method to detect the obstructions to the coercivity of €Y. The idea
here is to do a projection similar to [DHR19]. In that work, all non-gauge zero mode solutions are
supported on [ = 0, 1 spherical harmonic. Similarly, in the current work, we know that on [ > 2 modes
&V is coercive, but unlike in [DHR19] there are still radiative physical degrees of freedom left in the
I = 0,1 sector. To detect these in compact region as done in [LOS22] seems to be difficult for the
current problem, therefore we opt to detect them globally as done in [DHR19]. We will introduce
emem @™ @A functionals that precisely determine the momentum, center of mass and scale content
of the solution on a hypersurface X...
The main point of this subsection is to introduce the notation and prove the following lemma

Lemma 5.1. a) Let Y7, ¢g, ¢ be scattering initial data for (5.1) and ¢ the corresponding solution.
Then the following conservation laws and inequality hold for ¢

emom(TQ) _ @mom(Tl) + Bmom (54&)
@C()"VL(TQ) — (__)CO77L(T1) _"_ (T2 _ Tl)@nl07rl(7—1) _"_ BCU77L (5.4b)
O(m) = O () + %, , + B (5.0)
e =&Y v & +Be, ClJ|<&, +&r . +Be, J=T-TV[¢]. (5.4d)
where 1 ¢
mom com T2 "
revi<e [ Flom e[ FI2
Rory o (r) Ry s (r)

, ' (5.5)

e Wl Bel< [ i@

T1,7T2 T1,7T2

Proof. This is a summary of Lemma 5.3 Lemma 5.5 Lemma 5.6 and divergence theorem applied to
T-TV[¢]. O
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5.1.1 Momentum

The full non-linear equation (1.1) has a nonlinear conserved quantity associated to translation invari-
ance. Indeed, the corresponding divergence free Noether current is

;) - T /3[g] (5.6)

where T is given in (2.1). Linearising around W, we may write ¢ = W + ¢ for small ¢. Evaluating the
linear contribution to the above quantity yields

Ty [6] 1= 20, W) ¢ = 0 (OW - 06—V 9), V=" (5:7)

We introduced V' to highlight that it is different from V' =5 1% /W. A simple computation shows that

T is divergence free in the linear theory, i.e. if ¢ solves (1.3) then 9* ﬁf‘,w [¢] = 0. The corresponding
current on an incoming null hypersurface C is

(0 — 0:)"(0))" Tyo (6] = OnpOW — 0, Wip — 8,0, W + 2:(0, WD, — V )

o (5.8)
= 01O W — 0, W 0;— V .
Evaluating this flux on an outgoing null cone is
/ dwdovr? (&W(aﬁ“ﬁt — 0;)o+ ‘(/l qb) (5.9)
QZI»”Z

Using 0, W~ r~2 and the boundedness of the incoming energy from T for a scattering solution ¢

T—>00
we get that the corresponding flux through Z vanishes.

Lemma 5.2. For ¢ a scattering solution as described in Lemma 4.1

grmom ::/ (0% — 0,)"(35)" Ty [¢] = 0. (5.10)
T

V1,02

This means that linear momentum is not radiated through Z. Using the divergence theorem on the
spacetime region R, », implies

@;nmn(Tl) = En [Jz] — ETZ [JZ]7 J; = (67,) [(Zﬂ (511)

for a solution ¢ of (1.3).
For the convenience of the reader, we derive an explicit form of ©7*°™ in the coordinates we use.
We can calculate ©™°™ similar to the energy A.2

o (el = |

R3

T (8]0, dtF) = — /

h’((X°W)(X;’¢) YRV ¢) L XWTe
R3

__ /R W (XWX = 2l T)o+ 3 V 0) + XiWTo -
— 7/]1{3 h’((XW)(Xi¢) + 8V ¢) + X, WTo(1 — h'?).

Note that ©™°™(

wm(r) : (8ls,, Tdls,) — R is a bounded function on H' x X;. The same quantity
evaluated on ¥ = {t =

0} would give

b

S0 1 6] = - / T [610:,T) = - / TooW. (5.13)
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Whenever it is convenient, we suppress the subscript on ©™°™ and treat it as a vector. We call
this the momentum content of the solution. Furthermore, note the following explicit computations for
solutions of (1.3):

OO W] = O AW] = O] [to, W] =0, k#i

) o - 5.14
o7 0] = 5.[0) F W] = SI(@0) o] = [ = o, s=p=op Y
which means that ¢ — C,T,f]ta W has zero momentum.
Introducing a forcing term makes the energy momentum tensor non-divergence free
VE Ty (6] = FO,W (5.15)
for ¢ a solution to (5.1). In particular (5.11) changes to
Bl = Sal 48", B [ (5.16)

71 T2

Lemma 5.3 (Momentum content). Let ¢ be a scattering solution to (5.1) in R, . Then (5.16)
holds.

5.1.2 Translation

We also have the nonlinearly conserved quantity associated to the Lorentz boosts I'" = (t; + x;0;).
The current on incoming null cone C is

(D) (9 = 0:)" Ty [6] = 24(0, W= V ) + tO;W Dy — 2,0, W Oyp
—ti;(0,W 06 + BIND5G) + &:t (DLW OF— V ¢)

w 5.17

- 8TW(33107~ + 3it0y — 0y — t@,»)qb— V é(xi + £it) (5.17)

= =0, W (& V)6 + 2800, W 06— V 6(w: + 1)
where in the last equality we used that v = HTT and 0; = ;0. + %531 -Y. Similarly as for the momentum,
we have no radiation
Lemma 5.4. For a scattering solution ¢ we have

greom . / (T)(8, — 8,)" T [6] = 0. (5.18)
Z

w102
Also, note that we may split the vector field
I =t,8; + x;0, + Rohd; =: t,0; + T (5.19)
Using the divergence theorem, we get

O™ (11) + O™ (11) := Ny, [J; + o Ji] = 20y [Ji + o Ji]

(5.20)
Jil¢) =TT [¢], Ji = (3) T [¢]

Note, that using (5.11) the X, [J] = 0 case gives boundedness (in fact, no 7 dependence) for the .J
current. We call this the center of mass content of the solution.
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Because we are using a weighted vector field, namely a boost, to define the center of mass, it is not
a priori clear that ©{°™ is well defined for scattering solutions. We calculate

o &)

— T [2;T + Roh X7, dt#] =T [2;T + Roh X7, T + h' X°]
=T [2;T, T)+ T [Roh X2, T)+ T [T, W' X°]+ T [hX?, h' X°]

— 2, (OW - 96— V &) + RohXSWT + 2, Toh' X°W + I Roh(X2oXW + 2 V &) (5.21)
= (rX;WX + Rohlh/ X;6XW) + X;WT¢ Roh(1 — K'2) + V ¢(W Rahi; — ;).
=0,r>2R

Integrating on a sphere removes all but the I = 1 mode of ¢, so without loss of generality, write

¢ = % + other modes to get
Y — i Sind + Biwpd’ — 2230
/ (rX;WX¢ + Rohh! X;p XW) = / Ly WY LS e
S2 S2 /A T (522)
4w v+ Rohh' - Rohh/ —r
-t (g =)
In conclusion we get
Rohh!
omlol(r) = [ il = TR WX (r0) + RahW'To(1 - 1)
= " . (5.23)
We compute the first term as follows
hi'
/ fci%W’X(m) = lim ( / 2 2W'r%(r¢)
=, r R—oo \ Jg2 53 n{r=R}
Rohh! Rohl
—/ PSRN i ) (5.24)
= n{r<R} r r
) Rohh!
_ _/ 21/33:(r o) +/ ¢((r + Rohl) V —W'X 2 )).
SNz =, r
We conclude that
Rohh! — Rohh' m
0™ ¢] = / 2V/3wi¢ + / 2; <R2hW’T¢(1 W) 46 (W’27r W x2M oponn v ) )
s.NZ ho T T
o)
(5.25)

In particular the second part, which we call ©°™ is in (X1 x H Lyx, Moreover, its size is bounded by
a constant times Ry. Let us also note the center of mass content on ¥ for vanishing momentum

S(@T + tX:)- T [¢] = B[(2:T)- T [¢] = — / 2, (OW - 06—V ¢) = /E GO W

5
given O [¢p] = 0.

(5.26)

We now calculate the J current of the solutions in ker H. As for the momentum, we may perform
this computation on ¥ = {¢t = 0}. A simple calculation then gives

QAW = @M, W] =0, j#i
ceom .= ST [W]) = /xi (&W@T&»W— f}aiw) = —/;ﬁi@iwafvv— /xiWMﬁfW

oo 2 [ee]
= 27r/ drr*W(W?® 4+ 29, W) = 2w/ drWw? — r?W° # 0.
0 r 0
(5.27)
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Therefore, we know that for ¢ with ©™°™[¢] = 0 we have that ¢ — eéir:,,[?] 0;W has no center of mass

content. Furthermore, using that &;W ~ 2, we get that ©°™[9;W] = @™ [d;W].
As for the momentum content, the presence of inhomogeneity ruins the conservation and instead
for ¢ a solution of (5.1) we have

05" (r2) = OF™ (1) + (11 — 12)OF" " (1) + B

BO™ = / F(t—TQ)aiW
R

71,72

(5.28)

Lemma 5.5 (Linear com). Let ¢ be a scattering solution in R, ,, to (5.1). Then (5.28) holds.

5.1.3 Scaling

For the scaling part of the kernel of (1.3) we have no killing field at our disposal. Nonetheless, we
know that both AW and tAW solve (1.3). A quick computation shows that AW has no radiation
field on Z and has 0 £Y energy flux through {t = const} and ¥,. Similarly, one can calculate that
the £V energy flux of tAW is infinite on {t = conts} slices, but finite through ¥, because it has O(1)
behaviour towards Z. Indeed, by the divergence theorem, we have that for any scattering solution ¢
solving (1.3)

Ivl,v2 [th} + X [J¢] =X [Jﬁb]? Jti) = (at) ’ TV[QZ)’ tAW] (529)

More explicitly, we may calculate the radiation field of tAW
-1
lim 70, tAW|s, = lim r(1 — tX°)AW = lim r(1 —tX°)—W = lim —rW = —/3. (5.30)
r—00 r—00 r—00 2 r—o0

Using this, we evaluate the radiative term
T—00

M2 (0] =Ty, 0, [Jp] = lim / . —V/3r0; ¢pdrdw = —‘/33320 /S dw(réls,, —réls,,) (5.31)

which is simply the difference of the [ = 0 mode of the radiation fields on the two corresponding spheres
at infinity. This transforms (5.29) to

@A[¢](7-2) = 271 [J¢] + \/g lim / d(,d’l”¢|z;71 = 27—2 [J(A + \/g lim / dwr¢|gT2. (532)
r—oo [go r—00 g2

We also define ©*[¢] = X, [Js] which as before satisfies ©* € (H', %) with norm growing linearly
with Ry. We compute ©* using the bilinear energy calculation from A.2

OA (1) = / (1 — W)THAW + XpX (tAW) — Vgt AW
S,

(5.33)
= / (1 — WHTHAW — X ¢ X (hAW) +V ohAW + 7(X pX W)
>, \ﬁis—/
We can also evaluate it on ¥ = {t = 0} to get
3[0; - T[p, tAW]] = — / AWT. (5.34)
s

To capture the stationary part of the linear solution (¢) that comes from the scaling (AW), we
must evaluate this conserved quantity on AW
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S [Jaw] + 47V/3 lim rAW = —67 + / (1 — W) (TAW)T((AW) + (XAW)(XIAW) — VAW AW

s,
= —6m + / T M + (XAW)(XhAW) — hV (AW)?
=,

= —67 + lim (XAW)(XhAW) — hV (AW)?
R—=oo Js n{r<R}

= —67 + }%Enm[4wr2(XAW)(hAW)]\R - / +h(AW)W: —971:=C* #0.

S.n{r<R}
(5.35)
Importantly, this quantity does not vanish, so we may use it to detect the AW content of ¢. Hence,
A
for ¢ a solution of (1.3) with R% _ [¢] = 0 for all 72 > 71 we have ¢ — GC—,[{MAW is scale content free.

The above computation also yields that ©AAW] # 0.
Following the theme of the previous sections, we get the inhomogeneous case for ¢ a solution of

(5.1)
Sl Jg] = O] (1) + R

T2,T1

[¢] + B*

B / FAW (5.36)
R

71,72

Lemma 5.6 (Scaling detection). Let ¢ be a scattering solution in Rr, -, to (5.1). Then (5.36) holds.

5.1.4 Unstable modes

Throughout the paper, we will use localised projection operator for the unstable modes. In this section,
we give a brief alternative description on how to detect these globally.

We recall from Proposition 3.9 in [DKM16], that ¥ = e=""((r)~! + O(r~1~1/2)). In particular, we
get that both Y1 are valid scattering solutions. We start with the detection of the Y, = Ye® content
of ¢. We note, that as Y_ decays exponentially towards Z, the current J, = T - TV [¢,Y_] has trivial
flux through Z. Therefore 3, [J,] is conserved. Evaluating the flux of T - TV[Y,,Y_] through {t = 0}
we find that it is non-vanishing, therefore J; can be used to detect the Y, content.

Proceeding similarly for Y_, we observe the following problem. Y, has a nontrivial radiation
field, indeed (r9,Y)|z = e*. Therefore the current J_[¢,Y,] has a non zero flux through Z. Using
coordinates t,,r we can write the above as

. (ET[T~’]I‘V[e"(t*+R2h)Y(r),¢]]) _ Ce‘aT/Z N Byrd

= 0 (eT5 AT ’]I‘V[esR2hY(r), il ) =ce’” / Ourd

S.nZ (5.37)

Therefore, even though &_, i.e. the Y_ content, is not conserved, it can be bounded by the radiation
field of ¢. Given that all the above constructed projection operators indeed capture the obstruction
to boundedness and decay it is natural to formulate the following conjecture.

Conjecture 5.1. Let ¢Z be data as in Definition 4.1 with d > 0 and N > 5 for (1.8) on ¥1. Provided
that @m°™[¢] = O™ [p] = OM¢] = X1[Jy] = 0, the forward solution to (1.3) with ¢* initial data
decay polynomially as t — oo.
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For compactly supported initial data ¢ on a slice {¢ = 0} the requirement of the conjecture translates
to

AMWTo= [ poW = | OWTop= [ Y(5+T)p=0. (5.38)
Jawro= foow = fowrs- |

5.2 Uncommuted estimates

As discussed in the introduction, we deal with 0 modes and unstable modes separately. In fact, we
will only care about the unstable mode at the very end of the scattering construction. Until then, we
will simply work with the following bootstrap assumption whenever we need it:

||, < e "T1/2e (5.39)

Lemma 5.7. Let ¢ satisfy (5.39) in R., -, withe =1 and

2 o (m)] sup V(7). €z, ., |0°(7)] <1, e € {com, A}
5.40
/ |F|Tg, e / |Fle ™ < 1. (5:40)
71,72 Te{T1,m2} -
There exists ¢ > 0 such that
Xg] <c (5.41a)
sup |a (7)] efil2 < ¢ (5.41b)

Proof. Step 1: stable mode. Using the equation for a, (5.3) we get
o 2 1/2
/ Crry[¢] < c/ e‘sr(w + \F\) <ce P4 ce_l’RlRl(/ % + |8¢|2)
=, D RY pT
<ce PR E(r) +ce B (5.42)
CY+(T1) = 6_5(T2_T1)Oé+(72) +/

TE(T1,72)

e () g (1) < e %2 4 e "R1/2 Ry sup E(T)

for D = (BQR1 \BRl)mET .
Step 2: coercivity. Let us note that " is coercive in the T'¢ part. In particular, we can write

(%)% < & (5.43)

for e € {com, A}, where we use the subscript T'¢ to refer to the part of a quantity depending on T'¢.
We will similarly write 5“( =&V - €¥¢. The results from (5.27) and (5.35) yields that we can use

(:)ﬂ € H* for detecting the kernel elements {AW,9;W}. Using coercivity from Lemma 3.2 we conclude

1 2 ~e 2 1 o
E(r) < pEY () + ;(|ai| +Zlq ()] ) <p+ ;(1 +ee P RIE (7)) (5.44)

= &(r)<c

where we used that R; is sufficiently large, and p depends on R linearly. To control the integral on
outgoing cones, we just use the divergence theorem. O
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5.3 Higher order estimates

In this section, we extend the previous results to higher order estimates. We commute with vector field
{7T, S,Q} to get that the solution is conormal. Since we lack good commutation properties for 77,
we will simply include extra 7 weight in the definition of the current. Since we need stronger decay in
7 for T commuted quantities, we need to make a new unstable mode bootstrap assumption®:

[ba_[TN¢]| < e ?Fi/27~Ne (5.45)

In order to get boundedness with 77" commutators, we will need to perform a 0-mode analysis for
each of these quantities.

Lemma 5.8 (Higher order zero modes). a) Let ¢ be a solution to (5.1) with F = 0. Than T'¢ also
solves (5.1) with
@mom [T¢] — @A[Td)] _ 0’ Qceom [T¢] — @mom [¢] (546)

b) For F nonzero, smooth we have the following corrections

|

S,

@com [T(Zﬂ — (__)mom [(Zﬂ .

FX;W, ©MT¢|l= | FAW,
79l /2 (5.47)

Proof. This is straightforward computation. Let’s start with F' = 0 case for the for the momentum:

Omom(Tg) = . ] = S[J] = /iaiWTT¢ _ /iaiW(A + V)6 = /t:O oAtV =0

where J = X2 T [T'¢], S = {t = 0}

In order to consider the case with F' # 0, let’s introduce ¢, for € > 0 that has the same data as

¢ on Y., but the inhomogeneity is F, = Fx(2 — %) Since F' = F, in a neighbourhood of >,

emom[p(T) = O™ ™[p](T), but we can calculate

O™ [T (1) = O™ T (T — 4e) + B = +B
T — 1,
€

aiw(g(z— JTF + Fy'(2 — T_t*)l)

€

B= / GWTE. =
te>T €

— +/ O WF

e—0 o,

to €(T,7+4€)

We proceed similarly for the centre of mass. For F' = 0, we have
O™T|(1) = TO™TH)(T) + O™ [To)(r) = B, [J + t.J] = S[J + t.J]
=— / 2 (OW - 0T p— V T) = / xiTqu + T¢OW - 0x; = S[J] = O™ [d](T)  (5.49)

2

(1)

where J = X;- T [T¢], J = (2;T + hX;)- T [T¢], & = {t = 0}
For F # 0, we again introduce ¢, and note that we have
O [B)(r) = O™ (B)(r + ~de) + B = O [3(r — de) + B

5.90
«E(T,7+4¢€) =0

8Note, that if we did not want to get extra 7 factor for 7" commutator, i.e. we did not prove conormality, then we
could recover the corresponding higher order bootstrap from the lower order one and elliptic estimates.
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Finally, a similar vanishing limit implies that ©°™[@](T — 4e¢) e omem o) (T).
€E—>

For the scaling we again start with the F' = 0 case. Let ® be a scattering solution with same data
on X, as~¢ and 9y ro|znt, >r+1 = 0. We use the conservation law from (5.32) between the hypersurface
Yrand X, = {t+h(r— Re—x) =7} for z > 2 to get

Mg = 5, [J T =3[ 5
A=+ ([ rro)|, =S+ ([
= lim &, = / AWT?¢ = AW (A + V)(Jg =0 (5.51)
T—00 {t=7} {t=1}
where J = T - T[tAW, T ).
In the case F' # 0 we argue the same way as for the momentum. O

We may use this and Lemma 3.2 to control the coercive energy on 3, for higher derivatives.

Corollary 5.1. Let ¢ be a solution to (5.1). Then
£:10] < €Y 18] — ~(lax[]l +10°7(8)(r)| + [OM6](7)| + | Plardlzns. | + | Pharolzas, | aqsa )
EA70) < ee¥76] ~ _ (loslrel] + 107 )] + [ 1F10)7!
4 [ Pdurolzns, | + | Phdurolzos, | x g )

&[Tk ] g«:é‘f[Tkgb]f%(]ai[TkngJr/E }:F’“*2F|<r>*2+/E TF1F(r)!

T T

2
+ |Pg2857lr¢‘1027’ + |‘P§28571T¢|Iﬁ27||L2(52)) 9 k 2 2
(5.52)

Controlling lower order unstable modes is also possible using assumption about the top order one:

Lemma 5.9 (Recovering lower order bootstraps). Let ¢ be a solution to (5.1). Then for all k < N
™ |a_[TF]| < TkiN(TN la_[T%¢]| ) +e 7R/ ZTJ< [T9¢] + / T/ F| 67T5X2R1> (5.53)
s,

Proof. Note, that from the equation for a_, (5.3), it follows that

a [TF¢] = 0ra [T*¢] = =Sa_[T*¢] + Eeey [T 4]

— Ja_[T¢]| S |a_[T*1¢]| + | €eey [TH4)]] (5.54)

< |a Tk+1d) | + 675R1/28 [de) / |Tk:F| X2R1
pa

where we used the control on €rry derived in (5.42). The claim follows by induction. O

We also need to control some error terms from © —© that arise on Z from the data that we prescribe
Wt

Lemma 5.10. Let ¢T be scattering data in R ,m With decay q, size € and regularity N as in Defini-
tion 4.1. Furthermore, assume that Y% (1) = 0. Then

[P O (roy ()| aggey Se 7 7% 1€{01}, k<N -1 (5.55)
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Proof. This is a simple consequence of fundamental theorem of calculus and Holder inequality. O

The T commuted estimates are already sufficient to control the solution in the region ¢, 2 . This
is a standard approach to treat the region close to the localised stationary perturbation.

Lemma 5.11 (Elliptic estimate). For a smooth solution of (5.1) ¢ in R, r, with 10T > R > Ry, we
have

k' m arm 2
6] s ngrery S8 D0 THEMX e+ 3 P TT (F o o reny (5.56)
k<18l o +m<k—1

forT € {S,Q}.

Proof. For the proof, we are going to solely work on a single slice &, and write H' to be the norm
with respect to standard measure on R? ~ ¥, and differential operators A, V acting on R3.

We only prove the estimate when I' = S and write § = k, the (2 case follows similarly with less
error terms to deal with. We apply standard elliptic estimate with Hardy inequality to get

1 2

E)Qﬁ

2 2 2 2
180110y < I AG2a 00y + H(V, o SRy + 6y 557

with constant independent of R. Using the form of O in t,,r coordinates (2.7) we claim that

/ 2

h
||TA¢||§,2[{7<(,R}] = T(V - (1 - h/2)6t2* - 2h/at*a'r‘ - h”at* - Taf*)gb + T'F

L2[{r<R}]
S Elg) + TE[TY] + ||7'F|‘i2[{r<3}] )

which is equivalent to the £k = 1 case. We bound the terms in order. By I'Hopital rule, we get that
11\2
(1(h(h),)2) <p 1. Using Hardy inequality and the form of £ (2.10) we get

17Vl r2rery + 1T TN 2y S Elg]'?

Using 1 — (h')%,h’ < 1 and Hardy inequality we get

!’

h
(1= W)T2G]| Loy pyy + 12D 0TGNl o<y + ‘ T S E[Te)?,

L2[{r<R}]

and the claim follows. Higher order estimates follow after commutation with S.

[S,r2(0 = V)] = —r(r?V)

(SO -V)l=— > (SMrPV)ske, (5.58)
ki+ko=k
ko Ak
Therefore, we get
HSk(bHHl[{r<R}] Se [[rast= 1¢’||L2 ({r<r) T ||Sk_1¢HH1[r§R] (5.59)

where we control the first term with

HTASIC_1¢HL2[T<R] = ”T_lsk_l(TQAm HL2[7“<R]

St S E | gy + P S T VO g gy + I S AT ey (560

e S 20T oy + [P S R TG

[r<R]

/
T |rtsrt g
T

[r<F] L2fr<R]
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We bound each term separately
—1gk—1,2
[ FHLQ[T<R] Sk Z
k' <k—1

L2[r<R]
VO P S Car
k' <k—1

I S* 20, T gy S D 5T,

rSk/F'

Hl
k' <k—1
IS5 2Tl gy S Ty e S [T S S R[]
K <k—1 Haray b <k

Hr—lsk—l,rQ( h/2 T2

¢HL2[T‘<R] <, 7" 1R H(l _ hfz)Tk+1¢HL2 n Z R? HSHT2¢HH1

K <k—2

SThEt i+ Y B2 |sH T
k' <k—2

By induction we get the lemma. O

Lemma 5.12 (Far commutation). Let 7o > 71 > R/10 with 7o — 71 < R, let ¢ be a solution to (5.1)
and x =1 —X(f) . Then there exists cg > 0 such that

EVIPG < EVIDPgl+éx,, ,[TPd)+c5 Y T X[TV ]

k' <|B|
) (5.61)
teg Y T2m|\FaTmF||L2[T<2R]+c,3/ 0,17 ¢| |TF|
|a]+m<k—1 Ry

where T' € {xS, xQ}.

Proof. We will only write the proof when I' = Z := x.S, the mixed case follows similarly with less error
terms to control. Let’s denote by ®F any finite sum of arbitrary up to k fold product of vector fields
S, rd; times a conormal function O(1) supported on supp x’. Commuting Z with 0 — V we get

2.2 @= V)] = —r(r?V) +r*D?
25O = V)] == D0 (SHrtV)sh 4Ttk (5.62)
kl*f’kz:k
ka#k

We use a 9; multiplier to get an energy estimate

k41 112
enizrol < el ren, s+ [ B @zrgesen) ey
R

T1,7T2

Using Lemma 5.11 and 75 — 71 < R we get

k41 4)2 k)2
/R ( :3 ) < /R (0®r ¢)
T (5.64)

! m aqm 2
Z Tk Z 72 [T F||L2[7-<2R]'
k'<k

|a\+m§k—1

We conclude with the following lemma
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Proposition 5.1 (Master current). For sufficiently small constants ¢, C the following holds. Let 11 <
T3 < 271, let ¢ be a solution to (5.1) in R, -, that satisfies (5.45) and |a_[T*¢](T)| < e~ Ri%/2g [Tk ]

for T € [11,72]. For any § > 0 there exist k, R1, Ra constants and currents § = J[$] and R = R[]
(k) (k) (*) (x)

with the following properties

E"’1[3] S E‘Fz [3] +I7'1,'rz [~] +/ ﬁ + % (565&)
(k) (k) Ry ey |
C 208 [T9¢) + I, B 5.65b
Crio xw <> 7 ¢l + Iy, Q[J]Jr/R /) + ( )
lor| <k
’ ’ ~ ’ ~ ’ 2
S+ Y R ( o™ r* ¢]\ + ]@ﬁ[T’“ ¢]\ ) >C ) g (reg) (5.65¢)
B <k o<k
Clrym 23] 2C Y TC 0], 2> Ry (5.65d)
® lal<k
<OxX", BES 72O (DY) F :
/R f > / ¢) (5.65¢)
1,72 || <k Rory.ry
Iew YT,k 1Q;, 1S} (5.65f)
X[g]:= > sup TP [J[[%G)]+ sup C_,[r**J[¢]
la|<k—1TE(T1,72) w>72/2 5.65
(k—1) k—1 ( g)
+ sup Clryay o> F VI 1]
x>

In particular we can take
3= m®JV[rlsl, Ter YT,k 'k S}
™ al<k
~7V1g] =T - TV[g] + T - TV 4] (5.66)

T [0l = =20, (r8)0ur0) — gm0 (720,700 (r0) — V)

Proof. Let’s first pick the constants ¢, C. Let c; be the constant p from Lemma 3.2. Using Hardy
inequality and the boundedness of Vr? we get that there exists ¢ such that

E[P] + X, [T - TV [¢]] > 0.

We fix C' = min(355,¢1/2), ¢ = min(%2, 15), to get

L6l + [0M) + =1V 9] = CElg].
Furthermore, note that
27(6]- (02) > (14 ¢)(0u0)° — 220,06+ e 26” — (1 + V&2
> (1 - ¢)(9e)? + 2—?2& —(1+)Ve?

and so we get that for R3 > 10c™*
1

For this choice, || = 0 estimate follows from Section 5.2. For higher commuted estimates, we pick &
to be the largest constant that appears in Lemma 5.12 and in Lemma 5.11 times § 1. O
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6 Nonlinear part

We will apply the linear theory developed in the previous section as a black box. In particular, we will
consider ¢ a solution of (1.1) to be a the solution of (5.1) with F' = N[¢].

Using Lemma 4.1, we know that it is sufficient to do a bootstrap argument to get a solution in
R+, since local solution is known to exists. Let’s introduce the quantity

O, (8] := (kO™ (1), 0™ (1) + T@™™ (1), @A(T)) (6.1)
where x will be the same one as in J.
)

Lemma 6.1. Fiz v € (0,1). There exists C1,€eq such that the following holds. Let ¢ be scattering
data for (1.1) of order 6, decay ¢ = 0 and size €y at Z and ¥,,. Assume that there exist ¢ a scattering
solution in R, -, that satisfies (5.45) and

2 ~ ~
1077, R S 3]+ Tr [ < € (6.2)
(k) (k)

Then, for all € < €y < C’l_1 and 211 > 19 > 11 > 1 it holds that

X[¢] < Cre, e(—m)’ <1, = X[¢] < Cre/2. (6.3)

6 [¢] < Cie. Furthermore, for J introduced in Propo-

(k)

In particular for o — 11 < € /% we have X»

T1,72

sition 5.1 we have

16, ) < (lzfz[g)]

N 2
(feat) F1Ol") + |Tonr Q]|+ (R + Cac¥lm =) (00

(k)

Remark 6.1. This lemma in particular implies that for scattering data with incoming J energy smaller
)
than €, ¢ can only fail to exist on R, -, if the unstable bootstrap assumption (5.45) fails.

Proof of Lemma 6.1. Throughout this proof, we can use Lemma 5.10 to bound |(:)'[Tk¢]’ < |e°[T*¢]|+
e for k < N,e € {com,A}. Therefore, without loss of generality, we drop the tilde whenever we use
the coercivity from Proposition 5.1.

Let T = 79 — 71 denote the maximum existence time of the scattering solution ¢ such that

X[dl=,, ., < Cie (6.5)

for some C7 > 1 to be determined. From Lemma 4.1, we know that there exists C > 0 such that

T > 0 for Cy > C. Let’s pick J current from Proposition 5.1. Introduce notation
()

0, — Z o2 2K ( ‘@iom[Tk/¢]‘2 + ‘@;\[Tk/(é]r). (6.6)
K<k

Because of its coercivity property, we may use the current J to control the X™ norm of the solution
)

sup Crr /ol ]+ sup (23] +6;) > CX"
:v>11::i)2 (r2 )/2[(1()} TE[TlI,)Tz]( [(k)] ) * (67)
for some absolute C. We now pick d(v, C) sufficiently small to be determined later. Proposition 5.1
says
sup X [J] < X, [J]+Zry 1 [J] + 00X + B <2 +0X" + B
™ ) () )

sup Cry 0 /a[3] S CTHER[I]+0r,) + Tr, [ I] + 06X+ B< C7'2(e+65,) +6X° + B
z>Ra (k) (k) (%) )

(6.8)
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We trivially have that X" ~, X. Using the scaling of B with ¢, Lemma 3.4 and (6.5) we get B <,

CH2e'5(ry — 11)3/2. For the 0 modes, using Lemmas 3.4 and 5.8 together with the scaling of F with
¢ we get

2
07_ < |@$—om|2 + 143727'2 |6:_nom|2 + |@fr\| + C1261'5

2 _ 2 2 2
<Josgn " 4 w2 o 4 (O [RA + Gl + G = m)26 S e Gl — )
(6.9)

Putting all of these estimates together, we conclude that

X" < (C'_1 +3)e+ X" + C’1261'5<7'2 — T1>5/2

= X <k €+ Cie"®(m *Tl>5/2,

(6.10)
where the implication follows by choosing § < 1. Choosing C; larger than twice the implicit constant
in the second equation and letting ¢y be sufficiently small based on the implicit constant and C; we
get the first part of the lemma.

For the second part, we simply use (6.7) in (6.8) and (6.9) together with the nonlinear bounds to
get

sup(f; + ZT[(%]) < 105,] + ETQ[g)] +63(C~ %) sup(f, + ZT[g)D + Cre' ¥y — 11)%/? (6.11)
Picking 4 in this equation small enough yields the result.
O
6.1 Iteration
Let’s define R,,, = Rgm-1 9m, and
X, 0l = Z 21" XR, . AR, ., (9]
mée(|log |,[logT2])
H%Thﬂa = Z 2quﬁ2m'+172_"" [(‘E}]
mée([log 11 ],[log 721) (6.12)
%3?’7'1‘72 - Z 2(1"1/2’721:2"""'172—m [¢] .
me(|log i |,[log m2])
0%, = sup 20/2 |Q(7)] .
T2 mée(log 71,log 72)
TERMNR ;7o
We also introduce an unstable mode bootstrap assumption
sup |o— [TN¢]| TN < o=2Ha/2 (6.13)

TE(T1,72)

Lemma 6.2. Let 75 = 2" for n > 1. Let ¢ be scattering data for (1.1) of order 6 size 1 and decay
q>5atZ and ¥,,. Assume that there exist ¢ a scattering solution in R, », that satisfies (6.13) and

2 ~
71(|0()|", X, [?3)]),9%8,%,38’72 <1 (6.14)
Then, there exists C1 > 0 and 71 such that for any 72 > 1

XL [ <Cy (6.15)

71,72
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Proof. Similarly as in the proof of Lemma 6.1, we will treat © and © exchangeable for coercivity
estimates.

Let’s fix J as in Lemma 6.1, in particular, choose a fixed k, ¢ such that we can pick vy =1 — ﬁ.
()

We will not indicate the dependence of the constant on §, k, v, as we treat them as fix parameters from
now on.

For ease of notation, we will only prove the case when 71 = 21, 7, = 2M2 the other case follows
similarly.

We will proceed by induction. Let’s introduce

2 ~
ar = [0(7)[" + ET[(\’)]
k

(6.16)
br = R-/r\/Q;r + I‘r/l'r[(\}f)}-

The assumption of the lemma in these variable implies
2(]M2 AgMsy qume S 1, VYm

We now prove the following
Claim. There exists ¢ such that agm < c27™9 whenever m > M; with M7 > 1.
Pick M,, depending on ¢, such that (¢ + 1)27M29 < ¢y, where € is the constant from Lemma, 6.1.

Note, that for m = M; the claim holds for ¢ > 1. Using Lemma 6.1 and induction on m, we get

agm <71 (a2m+1 + b2m+1) + C(azm+1 + bgm+1)1'525m/2
-1

'Y qm 1.59m(5/2—q/2)
22 ((2q+1)+0( +1)' 2 )

Fixing ¢ > 2C + 10 closes the induction, which proves the claim.
Using the boundedness of the fluxes, the bound on X follows from Lemma 6.1.

6.2 Unstable mode

To treat the unstable mode contribution, we introduce the solutions to the modified problem
O+V),¢6=F, F,,0: R 7)) = R

6.17
(’I" a¢)|1(7—1,7—2) = a¢17 a¢|2—rl GBYX( ) + ¢0? 875 a¢|2£1 = G’YX( ( )

3R, )+¢1-

3R
We also introduce o4 similar to o.

Lemma 6.3. Let ¢ be scattering data for (1.1) with ¢i|s,, = 0. Let ,¢ be the modified scattering
solution to (6.17). There exists |a| < 727 such that the correspondmg scattering solution ,¢ exists in
R+, -, and satisfies (6.13) as well as (6.15).

Proof. Let 71 be from Lemma 6.2. First, let us introduce T : [-C7,Cy] = R
T (a) := inf{max{r, 7} : 3 ,¢ in R, ,, solution of (6.17) satisfying (6.13) and (6.15)} (6.18)
Boundary values: Let’s pick C; = 757%/2Cy such that 7V+4/2 |a,[TN ic2¢](7'2)| — e R/2 s
easy to see that in this case im(7T) C [r, T2].

Continuity: We prove that T is continuous. Let a € [—C1, C1] be such that the maximum in the
definition of 7T is only attained at 71. Then by Cauchy stability 7 = 71 in a neighbourhood of a.
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Pick a otherwise. Then from Lemma 6.2 it follows that
| [TV /(T (@)| [T(a)| /2N = 7>/, (6.19)

Furthermore at 7 = 7 := 7T (a), we have

Or (TN (BTN )| = (= 50 [TV (01(7) + Ere, [TV ,9](7)) 792N

7 . g+ 2N (6.20)
+(g + N)a_ [TV ¢)(7F)79/> TNt = /2 (5 — T )t 712 e [TV ,¢)(7).
Using (6.15) we get the following bound for the error term
N N
7~_q/2+N/ @tt,[TNgb] 5 7~_q/2+N/ e—'?r(}T d)’ Jr2|T a¢’ + |TNF|)
- S:n{r>R1} Ry (6.21)
< 74/2+N (6735R1/457_[TN¢]1/2 4 5T[TN¢]> < e~ 3 R1/4 | a2,
Therefore, we conclude that for R; sufficiently large
1
Or (- [TV 9] (F)FI/HN) < — e, (6.22)

Using Cauchy stability and the negativity of this quantity we may use the implicit function theorem
to conclude that 7 is continuous.

Topological argument: We claim that there exists a € [-C1,C1] such that T(a) = 71. Assume
this is not the case. Let’s define S : [-C1,C1] — {£1} by S(a) = sign(a_[T" ,¢](T(a))). By the
assumption that 7 (a) > 71, Va, we get that a_[TV ,¢](T(a)) # 0, so S is continuous. Also, we
know that S(+£C4) = 1. Using the mean value theorem (or Brouwer’s fixed point theorem in higher
dimensions) we get a contradiction.

O

Remark 6.2 (Decay of unstable mode). The basic idea of the proof relies on the fact that d;a_ is close
to Da_ when a_ (6.13) fails, and €rv_ is perturbative at this time. Because €tr_ contains terms that
are linear in ¢, this is only possible if a_ does not decay faster than £[¢].

We conclude with the proof of the main theorem

Proof of Theorem 1.2. Let ¢, denote the solutions constructed in Lemma 6.3 with 7, = 2". Extending
each ¢, to the future smoothly and keeping their norms bounded in X . by 2C1¢, we get a bounded

. . k . . .
sequence of functions in X% , where we inserted the corresponding regularity and decay of the
1,00
. . . . —k— . . ..
function space. This sequence is compact in X2 ", so there is a a subsequence converging to a limit
RTI , OO ?

—k—
boo € X ) O

T1,00

7 Polyhomogeneity

In this section, we improve Theorem 1.2 provided the data is polyhomogeneous.

Theorem 7.1 (Rough version of Theorem 7.2). Let )% be as in Theorem 1.2. Provided that YT s
polyhomogeneous, the solution ¢ is also polyhomogeneous on a blow up of Minkowski space (R).

In order to prove this theorem, we will first introduce some extra notation.
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7.1 Notation
7.1.1 Analytic

In this subsection, we are going to introduce the function spaces and other analytic tools used in the
rest of the paper. We restrict ourselves to the minimum use of sophisticated spaces that suffice for our
problem so as to ease readability, but see general setup in [Gri01; HV20].

Let’s fix a manifold with corners X =[0,1),, X ... x[0,1),, XY for some smooth manifold Y. First
we define the vector fields with respect to which we measure smoothness.

Definition 7.1 (b vector fields). Let
V ={z;0.,,Y:}. (7.1)
where Y; are smooth vector fields on' Y spanning the tangent space at each point. Furthermore, let’s
define
Diffy = Y f(z,y)Vi, VieV (7.2)

with f; € C™(X). Also, let Diff} denote a k-fold product of elements in Diff}.

In application, we will mostly take Y = S? (or Y = S? x (0,1)) with Y; to be the usual spherical
derivatives and n < 2.

Definition 7.2 (Hy norm). Given a measure dy on'Y, we define a naturally weighted norm, higher
order variants and higher order variants with extra weights

dry dx
L 2 1 n
£z = [ £y

Tn

H (X) H:k X) * L 7 5

Hik
for T € V. We will use the notation ' ...z Hy = H;" "% as well.

Remark 7.1. Away from the boundary, the vector fields span the tangent space of X. Indeed, these
spaces agree with the usual L? and H* spaces on compact subsets of X. The normalisation for L%
is motivated by the observation that (z1)® 0% C Hy"™ C (x1)" 0% where O° contains bounded
conormal functions (see Definition 7.7).

We introduce index sets, that are used to measure polyhomogeneity
Definition 7.3. A discrete subset of £ C R X N is called an index set if
o (z,k) €& and k> 1 implies (z,k —1),(z+1,k) € &
o & :={(z,k) € |z < ¢} is finite for all c € R.
Furthermore, let’s introduce the following notations
o E<c={(2,k) €&z <c}.

e (k) < K)ifz<Z orz=2 andk > k. (2,k) <2 if (2,k) < (2/,00) and (z,k) > 2’ if
(2,k) = (2,0).

e min(&) = (z,k) € £ # 0 such that (z,k) < (2, k') for all (2, k') € €. Also min(()) = oco.

IV IA
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Definition 7.4 (Polyhomogeneity). Let X = [0,1),, X Y be a manifold with boundary. Given an
index set £, we define the corresponding polyhomogeneous space Aghg(X), For w € o7 H*(X) we

say u € Af)hg(X) if there exist a, € H®(Y) for (z,k) € € such that for all c € R

u— Z a, xx% logh ;€ 2§ H®(X). (7.4)
(z,k)e€.

At a corner, we define mized b— polyhomogeneous spaces as follows. Let X =[0,1),, X[0,1),, XY be
a manifold with corners, by € R and & an index set. For u € x] Cxy CH®(X) we say u € Af,,ll‘;";)(X)
if there exists a, ), € x5 H{°([0,1)4, X Y) such that

u— Z a, px% logh xy € x$al H®(X). (7.5)
(z,k)€EE,

We define polyhomogeneous space at the corner for a manifold with corners X =1[0,1),, X [0,1),, X
12, Foru € o7 xy “H(X) we say u € Ai}t’g& (X) if there exists a(. ) € Aﬁigyb([o, 1)z, X Y) such
that
u— Z a. prilogh z; € Ag:iig(X). (7.6)
(z,k)€E(E1)e
Remark 7.2. Note that we may give an alternative, more geometric characterisation of a polyhomoge-

nous function u € Af,hg([(), 1)y xY) as

I1 @@+wﬂueﬂﬂ?ﬂ&wxxY> (7.7)
(z,k)€E:

From this, it is easy to see that the definition of £ only depends on the smooth structure of [0,1), x Y,
that is given any coordinate change x — z such that z’(x) is bounded away from 0 on [0, 1), the index
set with respect to x and z coincide. We will use this freedom to detect polyhomogeneity with respect
to different choices of coordinates to suit our need. For further details, we refer to [Gri0l; HV20].

Definition 7.5. For index sets £1,E2, we define the index sets

E1UE = {(Z,]{i + 1)‘3(2’,]@) €&, ki +ko> k} U& UEy
E1+ & = {(Z, k)|3(zl,k‘,) €&, z1+2m=2k +ky= k} (78)
& — (Zg,kg) = {(ZJﬂ)E(thl) S 51, 21— 2z9=2, k1 — ko= k}

We will encounter many index sets in the construction, so to ease notation we also introduce the
following shorthand

Definition 7.6. For a discrete subset of X C R x N we write

X = Nxce€ (7.9)

for the smallest index set containing X. When X has a single element we use the shorthand (a,b) :=

{(a,0)} ={(a+n,0):neN,I <b}. We also set (a,—1) =0 for a e R.

Finally, let us introduce a notation for error terms

Definition 7.7 (Errors). For a function f € AE for some &, we write

feo®H (7.10)

whenever min(Ey) > (pe, ko). We furthermore write p = (p,00), so that f € OF implies min(Ey) > pe.-
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7.1.2 Geometric

The geometric space on which we will study properties of the solution ¢ of Theorem 1.2 is a blow up
of the compactification of Rg .

Definition 7.8. Let’s introduce global coordinates pz = %*, P+ = ﬁ, PF = @, that serve as defining
functions of null infinity, timelike infinity and the front face respectively. These satisfy pe(R—co,r) C
(0,1] for @ € {Z,+,F}. Let’s write R for the compactification of Ro o with pe smoothly extending to
0. See Fig. 2. )

On this space, we will denote by Hg;k(f%),Aghg with @ = (aF,a+,aI)7§ = (Ep,E4,E7) the cor-
responding conormal and polyhomogeneous spaces where the subscript denotes the behaviour close the

given boundary.

Lemma 7.1 (Projection operators). Let’s fiz a function f € AE with (Pe, ko) = min(&,) fore € {F,+}.
We can write

F =X /REP logh (0 ) (P Da/t)+ f, f e A Pr fe At (B)

Pkt - Pkt (711)
[ = X(Br /)" 108 (pp) (Pl o, (@) + 7, 1" € A BE f e A% (RY).

where we have . . ,
&y =& (b4, k1)t Ep=E&r, E=¢&1

gi :g+7 g// :gf\{(pFakF)}v g” :51
EE\=Er—(p4,0), EL, =& — (py,0)
8 =& —(pr,0).

(7.12)

7.2 Propagation of polyhomogeneity

In this section, we will not care about the regularity of the solution, and the derivative losses as we
peel the leading order terms for the solution ¢. Let us note that already for ¢ as in Theorem 1.2 and
¢ e HP*([0,1)1, x 5?) the proof in Section 6.2 in particular implies ¢ € Hg’q’l/z;oo(f%).

The proof of polyhomogeneity is going to proceed in essentially 3 steps. The first is proving it
at Z. This step is rather different from the next to —and also more well known in the literature (see
[AAG18a])— so we are only going to comment on it in the proof of Theorem 7.2. The second and third
steps are performed iteratively and it involves solving model problems on the faces F,i; (similar to
the methods detailed in [Hin23b]). We will now introduce these model operators.

When restricted to the region % € (c1,¢2) with 0 < ¢1 < ¢o < 1 the operator [0 acts homogeneously

on functions of the form ¢~7 f(y) where y = § and p = |y| (see [Bas16; BVW18] for a alternative
forms)
L=¢0t"
1 (7.13)
Nof =t°Lt"° f(y) = 7(02 +30+2+2((c+2)p— ;)3[) + (p* - 1)8§ - ;‘;)f
Lemma 7.2 (Resolvent on hyperbolic space). Setting p = vz ”pl_pz and hs(p) = (%)H‘“ we get
1 e P2 +1)2
N ()9 = L (- 407 - 1)
ho(p) 4
(7.14)

AH:(17ﬁ2)82+2(177‘52) A
g p

3~ + 5 -
P p2
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Proof. This is a straightforward computation, we provide some steps for completeness. First, we change
to coordinates such that the top order derivative terms match with the right hand side of (7.14). This

yields the condition (1 — p?)(22)% = z—z. Solving the ODE we get p = =Vize Vpl_pz as stated in the lemma

Op
~2 ~2 2
and also a prefactor 5—2 = %. Next, we find a function h such that upon conjugation the first
order term from Apy is also recovered. This is performed via the h given. An explicit computation
then gives the remainder Oth order term. O

Lemma 7.3 (Radiative solutions). Let’s fiz a functions on the unit ball

Fradz) = S (D) (L= )77+ HE7H (B, S € CX(S?). (7.15)
Then for g =t=179 frqa(x/t)
uOy(rg)r = —0277 fr(w)u™? (7.16)

Proof. First, let us note that for the error term we have vanishing radiation field, as t =177 f.(z/t) €
Oltol+alt for f, € H=°F(By). We simply compute

, . - ||

lim Ou(rg) = lim O,(t °(1 - —

z=(t—u)w ( g) z=(t—u)w ( ( t
r—00 r—o00

(@) = ~20(2u) 7, (w) (7.17)

O

Remark 7.3 (Choice of N,). The reason for choosing ¢ instead of ¢, as a coordinate to measure decay
is so that t "PAW, t=P9;W are almost conserved. We could have used different normal coordinate near
F and I, but we found this choice to give a cleaner presentation.

N, with ¢ > 0 has two indicial roots at p = 1, namely —o,0 corresponding to solutions with and
without incoming radiation respectively. In this paper we will only use N~q, but we note that Ny has
only o = 0 as indicial root, and so the asymptotic behaviour towards B are log p, p° corresponding to
solutions with and without incoming radiation. These translate to o + 1, —(o — 1) for Ag —4(0? — 1).

Remark 7.4. (Green’s function) Following [MMS87] —see equation (6.8) for the same expression in
hyperbolic plane coordinates— we note that the Greens function for Ay — 4(0? — 1) is

1—r2/1—r\@
go(x) = const - 2; (1+:) , o>0. (7.18)

We study the properties of N, in the following two lemmas

Lemma 7.4. a) Let F € C®(S?), and f € Af){bg + H*(By) with a > —o — 1. Then, there exists

we AL, + Hy"(By) with € = {(0,0)}0(E; +1) to

Nyu = f
(1= p)7u)loz, = F.
Proof. This is a well known fact and can be deduced from Lemma 6.13 and Lemma 6.15 of [MMS87],
where a much more general statement is also proved. The H; estimate is also given in Lemma 6 of
[Zwo16]. Polyhomogeneity follows from the expansion of the Schwartz kernel, and we give a pedestrian
proof for sake of completeness. Using the symmetries of H we know that the Greens function
(A — 4(0% = 1))Go (2, 20) = 6(x — 20)
lim (1 —|z|)"°Gy(z,20) =0, V.

|z|—1

(7.19)

(7.20)

is merely a function of the geodesic distance between the two points x, xg. In particular, we may write
2
G(z,w0) = go o vod(z,20) for d(z, o) = (1—H.”£H|T:;($10JH:1COH ),t(sc) =(1+1/2)""? and g, as in (7.18).

38



We also know that the resolvent of Ay can be written as

2

(AH—Mf—UYWﬂWPi/MO_1ﬁdeawﬂw=
| 2

lyl* ly
W et dy 5 ol :
/yi|<2:65c| y(l - |y\2)3 (z,9)f () +/ y(l —y%)3 (@, 9)f(y)

ly—2|<2|z—3|

(7.21)

The first summand can be bounded by d(x,0)2 times the decay of f. For f € A*(B;) we have
the trivial (1 — |2|)>** bound. For the second summand, we can Taylor expand g in d and then d in
€ = |z — | to get an expansion near the boundary.

To improve on the expansion that is obtained above, we write f = (1 — |z|)* fi(w) + OF (By) with
min(€’) < k. Inverting the leading order term by writing v = (1 — |x|)k% + uy; we get that ug
satisfies the equation with a faster decaying error term, so we can get an expansion to higher order.
Iterating the procedure yields polyhomogeneity of the solution. Similar argument holds for logarithmic
terms.

This resolves the case for F' = 0. For F' # 0, we simply write @ = u — F(1 — p)~7 to get a function
with vanishing boundary term. O

We can also extend the above to the punctured ball.
Lemma 7.5. a) Let X = B)\{0}, F € C=(S2), and f € A% 4 Hyo"v (X)) with ap > —o —

phg

l,a9 > —2. Then, there exists u € Aiz’ggl + HpotPatEe By with £ = {(0,0)}0&.1 and & =

{(0,0)}U(Ef,0 +2) to
Nou=f

(1= p)w)los, = F.

we have (N, f)]y=0 # 0 for o > 0.
we have (N5 f)]y=0 # 0 for o > 0.

(7.22)

b) For F =0, f = (tAW);,
¢) For F =0, f = (t2o;W)r,
Proof. a) The H, estimate follows the same way as the punctured estimate in [Hin23b] theorem 7.1.
Polyhomogeneity close to 0B; follows as in Lemma 7.4. Near p = 0 we can iteratively invert the
normal operator 92 + %@ + % to get that u = an + A% where @ satisfies N, iy € Hév’a“oo for N

arbitrary. It remains to prove that @ € A% + H;VH’”“OO. We write

2 2

| d ly|
s9(d(z,9))f(y) +

2
lyl>2lz| (1 — |y[*)?

(B —4(0* - )M (Da) = [ ly

(1— lyl?)3 d(z,
wi<zlel (1—yl?) g(d(z,y)) f(y)

feHYer
(7.23)
The first term is bounded by |y|N+2, while for the second, we may Taylor expand |z — y| in z. This
expansion will contain terms and remainder of the form |z|" ! Il ]‘Zflyk) gk (2, %, y) where
gr 1 C*°(S? x R>y x By) (7.24)
are uniformly bounded. Since [ Iy(ly’“) converges for k < N + 3, the leading error term will be |x\N+2.
b) Note that using coordinate y we can write (tAW) = ¢(£) = c%. One can verify that for the

1 1
' z(14z)7 ) z(1—x)°

solutions. After some ODE analysis, one finds that the explicit solution is

spherically symmetric part of N, are the two homogeneous solutions corresponding

1 1

ru’’ rv°

to the well known
given by

1 1
u(p) = st o)p (1 s p)f’)' (7.25)
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Evaluating at p = 0, we find that u(0) = 1_%0 # for o > 0.

¢) We could proceed similarly as in b), but it is in fact not necessary to find the explicit solution. The
ODE governing the [ = 1 mode has two regular singular points at p = 0 with roots —2, 1 corresponding
to the usual behaviour of spherical harmonic in R3. The forcing (t20;W); . = 2’—2 has weight —2 and
(0,0),(0,0)_

by general Fuchsian ode analysis it follows that ue A

is not vanishing as seen from the equation - f ~ p—; valid near p = 0. O

Furthermore, the leading order term

Next, we turn our attention to the model problem on the front face. We observe, that on functions
of the form ¢~7 f(x) the leading order contribution of O+ V is A+ V.
Lemma 7.6. Let f € .Aphg + H™ with a,min(Ey) > 3 and (f,AW) = (f,0;W) = 0. Then, there
exists solution u € A5, + Hy'™ %% with £ = {(2,0)}0(Ef — 2) to
(A4+V)u=f. (7.26)
Proof. Using the orthogonality to the kernel, by elliptic theory, we get a solution u € L2. This can be
improved to u € H, 175%° solution as in [Hin23b] Theorem 3.1. To obtain polyhomogeneity, we simply
treat Vu as error term. In particular, we have that —Vu + f € Aphg + Hg;oo for @ = min(a, 1+ 4-).

We can solve Au = f — Vu to obtain u € Aphg + H3 % via Proposition 3.4 in [Hin23b]. Iterating
the above procedure, we may peel all polyhomogeneous terms up to the error H,">. O

Next, let us note some easy nonlinear properties

Lemma 7.7. For ¢ € Afhg( R),g € Aphg( R), we have N'[¢] € A" (R) and N'[¢|—No+g] € A’ (R)
with

5 5
e =Y itp, &Y =) i€ +(—-1i,0)
1=2 1=2
_ (7.27)
=Y & +ijEr, Ef= Y if+jEr + (k0)
i+j'—;’;:5 i+j;l;:5

Theorem 7.2. Let Y21y be as in Theorem 1.2, with the extra requirement that there exists and index
set EL such that the following holds

/ ‘L“(w)qrwff <00, T€{Bu (Wd}Vk>0, <= ¢Fe HI®(T),
7 ()

lo|=k (7.28)

I (uo.+ k))wf € Hi™®, = ¢ e A5,
(k,o)€&.

Then, the corresponding scattering solution to (1.1) satisfies ¢ € AEI7£+’£7(7~€,007¢2) for some index
sets. In particular we have, min(Ez) = (1,0) and min(&, &) > 3.

Proof. Step 1: Polyhomogeneity at ZL:

This has to be done by revisiting the construction and proving estimates for (rd, + k) commuted
quantities. Let us write f = —V ¢ + N[¢] for the rest of this step. Let us first note the following
commutation

Claim. Let ¢ solve (0,0, — %)rgb = f. Then

2 +2 .
0.0, + 220, - Bya, - ],
£ (7.29)
=[[0o + ke, fo=[]00s+2+k)f.
k=0 k=0
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Proof of claim. This follows by induction. Setting ¥_; = r¢, f_1 = f we have the starting case. For
the induction step, we compute

10y fj = 10, LV = L70,V; + (—2;52 — 0,0y + 02 — Q%at)xifj

~ ~ 2 ~ 27 . = ~ = 27 =
= ﬁj?"av\:[/j — 2£j\11j + ;Btrav\I/j — 7‘]8t\11j = £j+1r8v\11]- — 2fj + 7']8t\:[/j (730)
= L1 (rd ¥y + 505) — 2+ ) f;
— L1V = (rds +2+5) ;.
L

Similarly, we can compute the commutations by replacing rd, by x70, for x = x°(10%). We get

LV = fj+r 2D re

supp x
n i (7.31)
U, = [[xrds + kyré,  fo =[O0 +2+k)f
k=0 k=0
where D7 , denotes a sum of up to n fold b derivatives with (0°°:0:> coefficients supported in the

supp X,
region supp x’.
We will use the boundedness statement derived in Hj spaces about ¢ to control ¥; in better

function spaces. In Lemma 6.3, we derived that thereis a ¢ € Hg’q’l/zN(RThm) scattering solution in
R+, 7, Where the inclusion is uniform in 5. By definition, we immediately get ¥; € Hooa—1,-1/2:N
for some N'(N,j) that satisfies N’ — oo as N — oo. A similar finite loss of derivatives applies for
each estimate of ¥; below. Since we only care about data in smooth class, we are going to ignore the

regularity index. We may write the equation for ¥; as

2j A _ 2j + 2
(0udy — =0, = )W = f; + r2ohEl e — =0 (7.32)
Claim. For U; as above, we have
U, € Ho T2, (7.33)

Proof of claim. Let us note, that the claim is equivalent to xr¢ € AZOZ;‘;;;’(O’O) + Hl?o’qfl’jH/Q.

We proceed by induction. For ¥y, we note that yr¢ € H;o’qfl’ﬂm implies right hand side of (7.32)
for j = 0is in Hlfo’q+1’3/2;°o
implies ¥y € Hgil’qfl’l/zo.
the result for ¥y.

To proceed with the inductive step, we note that

, while the left hand side is simply Cgs+1Wo. A usual T energy estimate
Commuting with S, €, B yield higher order estimates. This establishes

n

,q—1,( ,q—1,(n+3,0
[T (xros +2 + kA0, L0 = Ay Lt (n+3.0), (7.34)
k=0

Using this, we get that r¢ € Aﬁ,z};;(o,o) + H;o’qil’jflp implies
f; € Hy> o hits/2, (7.35)
Therefore, the right hand side of (7.32) for j # 0 is in H?’q+1’j+3/2, while the left hand side is

Ore+2i0+1 Y. A T energy estimate now yields W; € H9~1a—1i+1/20, O
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We can conclude that for N(j) sufficiently large, the solution constructed in Lemma 6.3 ¢ €
HO/2N gatisfies U, e Ho:0:3+1/2N/2 ypiformly in 5. Including V¥; in the norm in which we find
the subsequence yields that the global scattering solution will also have good conormal property at Z.

For the rest of the proof, we are going to ignore and drop from notation the index set arising at
7, since we already know polyhomogeneity there. More precisely, we are going to construct an ansatz
P € Af) such that

hg’
00 + (¢*)° = 0NN (rg®)|z — T = ON(T) (7.36)

for arbitrary high value of N. Note, that ¢¢, and thus O¢* + (¢*)° may contain logarithmic terms
towards Z. When solving O(¢ + ¢%) + (¢* + ¢)° = 0 for the nonlinear profile, we will no longer have
a clear index set as in (7.34). To overcome this, let us compute

[Uavav(auav - l(av - au) - é)] = 0(1’0)’(1’0)’(1’0)92. (737)
T T
From this, it follows that
DR(3+2)+1 (X’U@U + U)\I/j = (v&v + o+ 1)|:|R(3+2)+1 \I/j + 0(2’0)’(2’0)’(2’0)92\Pn (738)

Commuting with sufficiently many choices of o, we may improve the first term on the right hand side
to be in H;O’qfl’jﬂ/z. A T energy estimate yields that

,q—1,54+1/2
H(X’Uav +(Tj)\:[/j S H;)XJ a J / . (739)

7j

Step 2: We first set up notation to solve error terms on F, Iy iteratively. Let’s write ¢ = ¢} + ¢ for
some ansatz ¢ € Af with #% = 0 and error terms . We will iteratively upgrade our knowledge about ¢”
and make ¢" faster decaying. We similarly write 7 = ¢Z +¢Z (and N[¢] = N[¢2]+ (N [p] —N[¢7]) =
fP+ fo 4 f7) with ¢ () representing the part of the data (inhomogeneity) already solved for and
Yl e AETT (fre .Agf"") the part decaying faster . Let’s introduce the leading order term that we
solve for (p7, k') := min(E9hn — 1,5_{;" —2) and (p}; k) = min(EL™).

Case 1: First, let us consider the case p > plt. Let g solve

) _ pt n
Npiflg = Ppi+2’kifa

" _ (7.40)
(L= p)"*'g)lon = Ppr 14y ™"

We use g as an ansatz in the region r > R which is captured by the cutoff x = 1 — x(r/R). By
Lemmas 7.1 and 7.5 we get that

g € AEL" =100 (B (7.41)

i

n n Il 0. (o o)
and thus go = xt P+ logh+ (p+)g(%) € A°F U0 (PR - For a moment, let’s focus on the case
k% = 0. In this case, we simply compute

" T
O+ V)ga=(0+ V)Xfp*Hflg(z) = Xt P2 Nyn 19+ 9x - 992 + goaOx + Vgo

. o) (o (7.42)
= t7p+72xp&+270f;l + OmlH(Pp,p+),(p++4,0)'
For k% # 0, we only improve on the log terms at 1. We compute
O+ V)ga =t 7572 10g" (p )X Pl 1 o i + €rvy,  Erry € OW@EPD L2 D)
oo (7.43)

s p—1 ki _ " " Zn
ulgrolou+ log™ (u)(tg2)|z = Ppr—1kn ™™
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We can update our ansatz as
Patl =gy + g2
¢aI;n+1 = (1 — Pp1_1,k1)¢az;n eA
fot = £ xt P 108 (i) By g 2+ W8] — N6EH)) + €y,

Sdat:n+1

(7.44)

Importantly, we find that 5_{;"“ = min(é’f’") UE& and LT = €L U € with min(€') > py + 3 and
min(E") > p4.

Case 2: Now, consider the case p% < p’t. In this case, we solve a model problem on F'. However,
P;Z;,k}; £ might not be orthogonal to the kernel of (A + V'), so we need to correct for this close to the

face F. Let us calculate for AW € ker(A 4 V)

(04 V)75 oghs (AW = (ph — 1)ppt"# 2 logh¥ (1) - tAW + QUFFTRI-D-WEF2FE=T) (7.45)
We remove the leading order error term by solving
- 1t
Npp—191 = By (t(AW)[r, = =5 (O)lr

(1= p)*1g1)|op = 0.

(7.46)

By Lemma 7.5 we get that g; € A0:0:(00)(B) and ¢1(0) # 0. We can’t extend g; to a smooth function
on R, because it has a Taylor expansion at r = 0 of the form ¢g; ~ ¢1 + c2 |y| + (9(|y\2) with ¢1,c0 € R
and potentially co # 0. In order to deal with this, we write
n n x ~
ga(t,2) = 177 10" (1) (xg1 (5) + (1= )e ), x =1 X(r/R)
o ¢ o (7.47)
— gy € APRFELPEHRE) g0 (8 x) — t7PF loghF (£)g1(0) € APETLRE)(PRRE)

For k% = 0 we simply get
n x
O+ V)ge =@+ V)t rr ((Xgl(?
+V (ga(t, ) — 777 log"* (£)g1(0)) + Ox - t ¥ (ga(t, x) — t ¥ log"¥ ()91 (0)) (7.48)

+(g2(t, @) — tPF 1og"™ ()91 (0)Ox = xt™PF 2Py ((AW) + £ P ey V 4 O@E L0 (4.0,

)+ (1 =x)er) = Xtipgisz}—lgl +aV

For k7 # 0, we get error terms from the derivatives acting on logkg (t). A simple computation yields

n n/—1
(O + V)ga = log"r (t)tPF (27t>< + Vgl(o))

+ OWPETLEE=1),(pE+2,kp—1) | o(PE+1.kE), (PE+4.kE) (7.49)

The importance of this calculation is the following. Solving away an error term on Iy with decay
p't + 2 generally produces a term with decay p’y. When (O + V') acts on this near F', we can expect a
term that will also decay at the rate p’}. In this calculation, we capture this leading order term. We
may use this to write

O+ V)((F — Dplge + 1775 log™= (EAW) = (pf — 1)ppt ~7F log"* ()91 (0)V
+ OPEHLER), (PR 2k 1) 4 (PE+1kE),(Ph+4.k)

(7.50)

The second of the error terms is admissible, because it falls of faster than pj + 2 at I, but we must
solve away the first one. Repeating the same procedure as for (tAW) term on I, given an error term
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, T (T o R _ k1), (k1 o -
in OWETLEE).(PE+2.65-1) e can find o € A;Z;LZ FoWERETD that cancels it with a remaining error

term from the V linear piece in OWr-+—1)(pE+4k%) I particular, there exists §o such that

O+ V)( (pp — D)plga + tPF logkg (t)tAW) = (pp — 1)p71$t_p7FL logk; t)g1(0)V
g3 (7.51)
+ O@EFE—1.Ppt4EE) L OWE+LER). (Prt4.kE)

A similar result also holds for the other kernel elements {9;W}, with the sole exception, that we
need to use t20;W instead tAW. For the sake of completeness, we repeat the argument

(O + V)t PEF210gk e (1), W = (pp — 2)(p — 1)t 7PF~210ghF (1) - 120, W + OPEH2EE =1 (Pp R —1)
(7.52)
We remove the leading order error term by solving
Npngii = P()F(t28iw)|1+ = —&/r? (7.53)
(1= v)"*g1)[op = 0. '

By Lemma 7.5 we get that gq,; € AM’W(B) and g1,;(0) # 0 where g1,;(0) = cf; € C*°(5?) is an
I = 1 spherical mode. We set set

g2i = 7P log"* (t)xgrs,  x = X°(r) (7.54)
As before, we conclude
ool —&y
O+ V)gai = log"* 477 (x—5* + 91 (0)(A + V)x)

L OWRTLEE =D, (0p 2 k1) 4 Wi+ LR (p + 4k

~ —p i _on n — i‘l
— (O+V)((F —2) (P — 1)gay + t PF loghe ()20, ) = (p — 2)(p — 1)t 7% log™* (t)( :fz —O;W)

9354

+ (pf — 2) (P — D)t PF 1og" ()91 (0) (A + V)x + APEHFETDPEFRE) 4 AREHLRE), 0h+4kE)

(7.55)
Noticing that Agy.;(0) = —;/r?, we get that
—xr 28 + g1 (0)(A + V)x = (A + V)(g1::(0)x)- (7.56)
Using integration by parts, we get the orthogonality relation
((A+V)(91:6(0)x), OW) 2 = 0. (7.57)
We also trivially have that
(0;W,0;WW) = 6;;C, C #0. (7.58)

Hence, the leading order term of the right hand side of (7.55) on F' has nonzero inner product with
the kernel elements 0;W.
In conclusion, we can use g2, g2;; terms to project out the kernel elements. That is, there exists a
such that
Py in fa + angi(0)V + a; (A + V)(91:(0)x) — ;W) L {AW,8;W}. (7.59)

Using this orthogonality, we can finally invert the normal operator to conclude that there exist a

solution to »
(A+V)ga = Ppn o fo' +ai (91::(O)V + (x = 1)O;W) + a1V

7.60
gs—0asr—o00, gs€ A((SQ”—(p;+2,0))u{(2,0)})U(1,0)_ (7o)
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Thus, we may compute

(O + V)(t 7% 1og"F (t)ga + angs + aigss) = t 7% log"* (t)Pfy o 7' + OWEFE—D-0F 285D o)

L Ol R L (ELUTEFPE R DB+PE k) | (h+ LER) w447
Therefore, we can update the ansatz as follows:
ottt = ol — (t_p% log" (t)gs — args — ai93;i>7
it = (L= t7"R log"F (1) By i) fi + WG] = N[9]) + APRFEDR2EEZD - (7.62)

+A{(p}+2,k})}7((Ef")U{(4+p}»k})})U(3+p}7k$) 4+ AWRHLEE), (PR +4kE)

In particular, the new error term satisfies /" = £5™ U & and 5_{]"“ = min(f_{_m) U &” with
min(&’) > pr + 1, min(E”) > pp + 2.

Step 3: The above cases are exhausting iteratively generated index sets and therefore, the polyho-
mogeneity follows. Let us expand.
Without loss of generality start with p’ > p'l°. By definition of the index set, £ f"o N{(p, k)ll: p<

p'° + 3} is finite. Therefore, we can iterate case I a finite number of times until either pj' < p/}* and
1

P < plit or pipt > pi + 1. If the latter holds, we repeat case 1.
If pi' < pl', then we use again the definition of an index set, to get that EFMn{(p,k) :p < p+1}

is finite. Therefore, a finite number of iteration with case 2 yields an iterate with pj? > p}* and
pi? > min(pl', pit +2) or pi? > ppt + 1.

Iterating the above two, we can in a finite number of steps improve by 1 at least one of the index
sets. The other must be at least similarly fast decaying. This implies that the procedure is exhaustive.

O

8 Construction of Cauchy data

In this section, we extend the solution that we constructed to ig and thereby to a Cauchy surface of the
form t = const. We proceed by two steps. First, we prove that we can add in arbitrary size scattering
data in the interior of Z. This is detailed in Lemma 8.1 Second, we prove that provided no incoming
radiation from Z in neighbourhood of iy we can construct a solution in this neighbourhood as well.
This is proved in Lemma 8.2.

Lemma 8.1. Let ¢* ¢ be a scattering data for (1.1) of order N > 6 and size 1 on ¥,,,Z,, +,. There
exists d sufficiently large such that for any ve, > d there is a unique scattering solution to (1.1) with
scattering data Y=, ¢T in the region Ry, 7, N{v > Voo }.

Proof. Let us begin by noticing that in the domain of interest R, -, N {v > voo}, ¥ Zr . |u|. We
will use the r weights in the equations as a replacement for proving any amount of decay. Indeed, no
ILED estimates are necessary.

Without loss of generality, take d sufficiently large such that 3, N {v > d} is null for 7 € (71, 72).
After shifting the definition of ¢, by a constant, we write these cones as €, g = {u =7} N {v > d}. Let

us construct master currents for this region explicitly. For the rest of the proof, let us redefine J as
)

follows -
3= JI%l Te{l.s.0}, Jgl=T (T'+ T (8.1)
|| <K
Because we have the usual commutation relations [T',00] = [Q,0] = [S,r?0] = 0 we get that for

¢ =W + ¢ a scattering solution to (1.1)
gl Sa Y (TP +TPIO+ V)OS Do (Pg)(r)

1BI<|| 181<]e]
1<i<5

(8.2)
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Therefore, a T energy estimate in the region R, ., := {u € (11,72)} N {v > d} yields

Cald) So Cnald] + T3]+ 3 [ (PO

(x) eS| ) \B1<k R (8.3)
1<i<5
Note, that Lemma 3.3 still implies that for k > 3
@al3N? 2 s ()Y2]0(ta)). (8.4)
(x) (£,2)€C, 4
Hence, we can write (8.3) for k > 6
CrralJ] Sa Q:ﬁd[ ]+IT 3]+ Z L (1)~ =D (DB p)2(€, 4[ 3]) 20D () ~(—D
(k) (k) R+ (k)
IB\S 2
1<:i<5
SCudldl+Linl3]+ 3 [ dTH(EI]) (8.5)
® 1<i<s/m )
SQ:de[ ] I, 7’2 +d_ Z /
) 1<i<5

Choosing d and C sufficiently large, this estimate allows us to close a bootstrap argument with
CralJ] < C(€ralJ] + Zr, 7 [J]) in the region 7 € (71, 72) independent of the size of the two in-
(®) (®) ®)

coming energies. O
Lemma 8.2. Let ¢~ be a scattering data for (1.1) of order N > 6 and size 1 on %,,. There exists d

sufficiently large such that for any Vs > d there is a unique scattering solution to (1.1) with scattering
data ¢%, (r¢)t = x(1o — u)(r0),, in the region {t, < T} N {v > vy }.

Proof. We repeat the proof of Lemma 8.1. In particular, for any finite 7 > 71, we can still use (8.5)
and write

Qiﬁ,d[ | Sa €T27[ ]+Iﬁ7 + E L <r>7(57i)(FB¢)2(¢T7d[‘~J])2(i71)<r>*(i71)
(k) (k) (k) R (k)
|B]<k © FT1T2
1<i<5

(8.6)

where the cancelled term vanishes by assumption of no incoming radiation. For the leftover term, we
use that in the region of interest (R_oo,r, N {v > vso}) 2 (v). Therefore, we can estimate the right
hand side of the above equation as

€ al3] So €l 3]+ 477 Z/ 5(€, a3 8.7)

09 1<i<5 0

As before, choosing d,C sufficiently large, we can simply close a bootstrap of the form €, 4[J] <

w
CQTz’d[ﬁ] for To > T1.
(k)
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A Appendix

A.1 Calculatioins

We note some easy computations

W = f¥(1 —W?) (A.1a)
AW =W (W? — %) (A.1b)

A.2 Energy

We compute the T energy through a hypersurface ¥ = {t = —h(x)} for some h € C*® with |Vh| < 1.
As a simple application of this computation we will find (2.10). Let us use coordinates x,s =t + h(x)
in a neighbourhood of . We remark the following computations

8i|t = 81"3 — h;T, ds=dt+ 0;h-dx;. (A2)

The induced measure on 3 with the above coordinates is det(d;; — 8;hd;h)*/? = (1 — |0h|*)*/2. Thus,
we find the induced energy to be

/ Tww(ds,dt> / L (T0)? + 01116 - 016 — w6?) + ki, oT
p ‘d8| R3 2 (AS)

= /R %((1 — Oh - Oh)(T$)* + Dils¢ - Dyl s — w¢>2)

We can similarly calculate the bilinear energy content, with the difference that we need to replace
T [¢](ds, dt) with

T (¢, ¢)(dt, ds) = (1 — |VA[*)THT¢ + ;|56 - 8;|sd — weo. (A.4)

A.3 Standard estimates
Lemma A.1. (Weighted Sobolev) For f € C§°(R?) we have

sup(r)!/2f < Y |00 fll2, T € {0, Qu;,70,}.

<3

Lemma A.2. (Hardy inequality) For f € C§°(R®) we have

[rs [,
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